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1. Introduction

Pillai’s ([8]) arithmetical function is defined by P (n) =
∑n

i=1(i, n), where (i, n) denotes
the greatest common divisor (gcd) of i and n . In this paper we consider the following
generalization of this function. Let A be a regular convolution of Narkiewicz-type ([7])
given by

(f ∗A g)(n) =
∑

d∈A(n)

f(d)g(n/d).

see also [6], [9], [16]. This is a common generalization of the Dirichlet convolution D and
of the unitary convolution U .

We recall that if A is a regular convolution, then the elements of the set A(n) are called
the A -divisors of n and

(i) for every prime power pa there exists a divisor t = tA(pa) of a , called the type of pa

with respect to A , such that A(pit) = {1, pt, p2t, ..., pit} for every i ∈ {0, 1, ..., a/t} ,
(ii) the function I , defined by I(n) = 1 for all n ∈ N , N denoting the set of positive

integers, has an inverse µA with respect to the A-convolution, µA is multiplicative and for
all prime powers pa one has

µA(pa) =

{
−1, if tA(pa) = a,

0, otherwise.

For k ∈ N , let Ak(n) = {d ∈ N : dk ∈ A(nk)} . The Ak -convolution is regular whenever
the A -convolution is regular, see [9], Theorem 3.1. Let (a, b)A,k denote the largest k -th
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power divisor of a which belongs to A(b). Note that (a, b)D,k ≡ (a, b)k is the greatest
common k -th power divisor of a and b .

Furthermore, let u ∈ N , let F = {f1, f2, ..., fu} be a set of polynomials with integral
coefficients and let g be an arbitrary arithmetical function. We define the generalized Pillai
function P

(u)
F,A,k,g by

(1) P
(u)
F,A,k,g(n) =

∑

xj(mod nk)
1≤j≤u

g(((fj(xj)), n
k)A,k),

where (fj(xj)) stands for the gcd of f1(x1), ..., fu(xu).
We use the notations Es, E and I for the functions Es(n) = ns, E(n) ≡ E1(n) = n and

I(n) ≡ E0(n) = 1, n ∈ N , respectively.
For A = D , the function P

(u)
F,D,k,g ≡ P

(u)
F,k,g was investigated by J. Chidambaraswamy

and R. Sitaramachandrarao [2] and for A = D, k = u = 1, f1(x) = x and g = Er

we get the function Pr defined by K. Alladi [1]. If A = D, u = 1, f1(x) = x and
g = E we obtain the function Pk introduced by H.G. Kopetzky [5], which reduces
to the function P of S. S. Pillai [8] in case k = 1. The unitary analogues P ∗r (case
A = U, u = k = 1, f1(x) = x, g = Er ) and P ∗k (case A = U, u = 1, f1(x) = x, g = E ) were
introduced and investigated by us in [13], [15].

For A = D, k = 1, g = E and for polynomials of first degree fj(x) = sj + (x −
1)dj , (sj , dj) = 1, 1 ≤ j ≤ u the corresponding function was studied by us in [14].

We give arithmetical evaluations for our generalized Pillai function and we establish
asymptotic formulae for it in the following three cases:

Case 1: g = Er , F a set of nonconstant polynomials with an additional condition
(including the case when all the polynomials are irreducible),

Case 2: g = Er with r > u and fj(x) = sj + (x− 1)dk
j , (sj , d

k
j )k = 1, 1 ≤ j ≤ u ,

Case 3: g = Eu and fj(x) = sj + (x− 1)dk
j , (sj , d

k
j )k = 1, 1 ≤ j ≤ u ,

assuming that A is a cross-convolution and using elementary arguments.
The notion of cross-convolution, as a special regular convolution was introduced in our

previous papers [20], [16], [17], [18] as follows. We say that A is a cross-convolution if for
every prime p we have either tA(pa) = 1, i.e. A(pa) = {1, p, p2, ..., pa} ≡ D(pa) for every
a ∈ N or tA(pa) = a , i.e. A(pa) = {1, pa} ≡ U(pa) for every a ∈ N . Let P and Q be the
sets of the primes of the first and second kind of above, respectively, where P ∪ Q = P is
the set of all primes. For P = P and Q = ∅ we have the Dirichlet convolution D and for
P = ∅ and Q = P we obtain the unitary convolution U .

For z > 1 let

ζP (z) =
∏

p∈P

(
1− 1

pz

)−1

, ζQ(z) =
∏

p∈Q

(
1− 1

pz

)−1

,

where ζP (z)ζQ(z) = ζ(z) is the Riemann zeta function.
Furthermore, let (P ) and (Q) denote the multiplicative semigroups generated by {1}∪P

and {1} ∪ Q , respectively. Every n ∈ N can be written uniquely in the form n = nP nQ ,
where nP ∈ (P ), nQ ∈ (Q).
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The results of this paper generalize and unify many known results concerning the special
cases mentioned above.

2. Arithmetical evaluations

For a polynomial f with integral coefficients let Nf (n) denote the number of incongruent
solutions (mod n) of the congruence f(x) ≡ 0 (mod n). It is well-known that the function
Nf is multiplicative. Define the function NF by NF (n) = Nf1

(n)Nf2
(n)...Nfu

(n) for each
n ∈ N . It follows that the function NF is multiplicative.

The arithmetical evaluation of the function P
(u)
F,A,k,g is given by

Theorem 1. If A is a regular convolution, F = {f1, f2, ..., fu} is an abitrary set of
polynomials with integral coefficients, k ∈ N and g is an arithmetical function, then

(2) P
(u)
F,A,k,g = ((g ◦ Ek) ∗Ak

µAk
)(NF ◦ Ek) ∗Ak

Eku,

where ◦ denotes the ordinary composition of functions.
If in addition g is multiplicative, then P

(u)
F,A,k,g is multiplicative.

Proof. Grouping the terms of (1) according to the values ((fj(xj)), nk)A,k = dk and
using that dk ∈ A((a, b)A,k) if and only if dk|a and dk ∈ A(b), see [9], Theorems 4.2 and
4.3, we get

P
(u)
F,A,k,g(n) =

∑

d∈Ak(n)

∑

xj(mod nk)
1≤j≤u

((fj(xj)),n
k)A,k=dk

g(dk) =
∑

d∈Ak(n)

g(dk)Td, where

Td =
∑

xj(mod nk)
1≤j≤u

((fj(xj)),n
k)A,k=dk

1 =
∑

xj(mod nk)
1≤j≤u

((fj(xj)/dk),(n/d)k)A,k=1

1

=
∑

xj(mod nk)
1≤j≤u

∑

ek∈A(((fj(xj)/dk),(n/d)k)A,k)

µAk
(e) =

∑

xj(mod nk)
1≤j≤u

1
∑

ek|fj(xj)/dk

e∈Ak(n/d)

µAk
(e)

=
∑

e∈Ak(n/d)

µAk
(e)

∑

xj(mod nk)
1≤j≤u

fj(xj)≡0(mod (de)k)

1 =
∑

e∈Ak(n/d)

µAk
(e)(

n

de
)kuNF ((de)k).

Hence

P
(u)
F,A,k,g(n) = nku

∑

d∈Ak(n)

g(dk)
∑

e∈Ak(n/d)

µAk
(e)

NF ((de)k)
(de)ku

.

Denoting de = δ ∈ Ak(n), where d ∈ Ak(n), e ∈ Ak(n/d) if and only if δ ∈ Ak(n), d ∈
Ak(δ), cf. [9], Theorem 2.1, we have

P
(u)
F,A,k,g(n) = nku

∑

δ∈Ak(n)

NF (δk)
δku

∑

d∈Ak(δ)

g(dk)µAk
(δ/d),
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which finishes the proof of (2). It has been already noted that NF is multiplicative. If g

is multiplicative, then using that regular convolutions preserve the multiplicativity, we get
that P

(u)
F,A,k,g is multiplicative.

Let φA,s = µA ∗A Es . For s = ku and for Ak instead of A ,

(3) φAk,ku(n) ≡ φ
(u)
A,k(n) = (µAk

∗Ak
Eku)(n)

represents the number of ordered u-tuples 〈x1, x2, ..., xu〉 (mod nk ) such that
((xj), nk)A,k) = 1. This generalized Euler function was introduced by P. Haukkanen and
P. J. McCarthy [4], see also [3]. Observe that φD,1 ≡ φ is the Euler function.

Corollary 1. (g = Er and g = Eu )

P
(u)
F,A,k,Er

≡ P
(u)
F,A,k,r = φAk,rk(NF ◦ Ek) ∗Ak

Eku,

P
(u)
F,A,k,u = φ

(u)
A,k(NF ◦ Ek) ∗Ak

Eku.

If fj(x) = sj + (x − 1)dk
j , j = 1, 2, ..., u , then let P

(u)
F,A,k,g ≡ P

(u)
A,k,g(s,d, .), where

s = 〈s1, s2, ..., su〉 and d = 〈d1, d2, ..., du〉 . Taking into account that in this case Nfj
(n) =

(dk
j , n) if (dk

j , n)|sj and Nfi
(n) = 0 otherwise, from Theorem 1 we get the following result.

Corollary 2. For every A, g, k, u, s,d and n ∈ N we have

P
(u)
A,k,g(s,d, n) = nku

∑

e∈Ak(n)

(e,dj)
k|sj

1≤j≤u

((g ◦ Ek) ∗Ak
µAk

)(e)e−ku(e, d1)
k(e, d2)

k...(e, du)k.

Let δ = d1d2...du . We have

Corollary 3. If (sj , d
k
j )k = 1 , j = 1, 2, ..., u , then for every n ∈ N ,

P
(u)
A,k,g(s,d, n) = nku

∑

e∈Ak(n)
(e,δ)=1

((g ◦ Ek) ∗Ak
µAk

)(e)e−ku

and if in addition g is a multiplicative arithmetical function, then

P
(u)
A,k,g(s,d, n) = nku

∏

pa||n
(p,δ)=1


g(pak)

paku
+

(
1− 1

pkut

) a/t−1∑

i=0

g(pkit)
pkuit


 .

for every n ∈ N, n > 1 , where pa||n means pa|n, pa+1 6 |n and t = tAk
(pa) .

Proof. Since (sj , d
k
j )k = 1, we have (e, dj)k|sj if and only if (e, dj) = 1. Furthermore

for n = pa , with p 6 |dj , 1 ≤ j ≤ u and Ak(pa) = {1, pt, p2t, ..., pa}, t = tAk
(pa) we have

P
(u)
A,k,g(s,d, pa) =

a/t∑

i=0

g(pikt)φ(u)
A,k(pa−it).
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Using now that φ
(u)
A,k(1) = 1 and

φ
(u)
A,k(pa−it) = (pku)a−it(1− 1

pkut
),

for every i ∈ {0, 1, ..., a/t− 1} , we get

P
(u)
A,k,g(s,d, pa) = g(pak) +

a/t−1∑

i=0

g(pkit)(pku)a−it(1− 1
pkut

).

If n = pa and p|dj for some j, 1 ≤ j ≤ u , then P
(u)
A,k,g(s,d, pa) = paku and the proof is

complete.

Corollary 4. (g = Er ) If r 6= u , then

P
(u)
A,k,r(s,d, n) = nku

∏

pa||n
(p,δ)=1

(
pak(r−u) +

(
1− 1

pkut

)
pak(r−u) − 1
ptk(r−u) − 1

)
,

and if r = u , then

P
(u)
A,k,u(s,d, n) = nku

∏

pa||n
(p,δ)=1

(
1 +

(
1− 1

pkut

)
a

t

)
,

for every n ∈ N, n > 1 , where t = tAk
(pa) .

Corollary 5. If A is a cross-convolution, then for every n ∈ N, n > 1 we have

P
(u)
A,k,u(s,d, n) = nku

∏

pa||n,p∈P
(p,δ)=1

(
1 + a

(
1− 1

pku

)) ∏

pa||n,p∈Q
(p,δ)=1

(
2− 1

paku

)
.

For sj = dj = 1, i.e. for fj(x) = x, 1 ≤ j ≤ u , let P
(u)
F,A,k,g ≡ P

(u)
A,k,g and we get from

Theorem 1

Corollary 6. For every regular convolution A and for every g, k, u we have

P
(u)
A,k,g = (g ◦ Ek) ∗Ak

φ
(u)
A,k,

P
(u)
A,k,Er

≡ P
(u)
A,k,r = Ekr ∗Ak

φ
(u)
A,k.

Remark 1. If A is a cross-convolution, then Ak = A for every k ∈ N , see [9], Theorem
3.3, [16], Remark 2 and from (3) we have

φ
(u)
A,k = µA ∗A Eku = φ

(k)
A,u = φ

(1)
A,ku = φ

(ku)
A,1 ,

P
(u)
A,k,g = (g ◦ Ek) ∗A φ

(u)
A,k, P

(u)
A,k,r = Erk ∗A φ

(u)
A,k

and it follows that

(4) P
(u)
A,k,u = Eku ∗A φ

(u)
A,k = P

(k)
A,u,k = P

(1)
A,ku,1.

Another representation of the function P
(u)
A,k,u(s,d, .) is given by
5



Theorem 2. If (sj , d
k
j )k = 1 , j = 1, 2, ..., u , then

P
(u)
A,k,u(s,d, .) = µAk

Iδ ∗Ak
EkuτAk

(., δ),

where Iδ(n) = 1 or 0 , according as n and δ are coprime or not, and τA(n, δ) denotes the
number of A-divisors of n which are prime to δ .

Proof. We deduce from Corollary 3

P
(u)
A,k,u(s,d, .) = (Eku ∗Ak

µA,k)Iδ ∗Ak
Eku = µAk

Iδ ∗Ak
EkuIδ ∗Ak

Eku

= µAk
Iδ ∗Ak

Eku(Iδ ∗Ak
I) = µAk

Iδ ∗Ak
EkuτAk

(., δ).

For other special choices of g we have for example the following results.

Theorem 3. For every regular convolution A and for every n ∈ N ,∑

xj(mod n)
1≤j≤u

σA,u(((xj), n)A) = nuτA(n),(5)

∑

xj(mod n)
1≤j≤u

τA(((xj), n)A) = σA,u(n),(6)

∑

xj(mod n)
1≤j≤u

zω((xj),n) = nu
∏

p|n
(1 +

z − 1
pu

),(7)

where τA(n) and σA,u(n) denote the number of A-divisors of n and the sum of u-th powers
of A-divisors of n , respectively, ω(n) is the number of distinct prime factors of n and z

is a complex number.

Proof. In case k = 1 using Corollary 6 we deduce

P
(u)
A,1,g = g ∗A φ

(u)
A,1 = g ∗A µA ∗A Eu.

Now for g = σA,u = I ∗A Eu we get

P
(u)
A,1,σA,u

= I ∗A Eu ∗A µA ∗A Eu = Eu ∗A Eu = EuτA,

which is relation (5), and for g = τA = I ∗A I we conclude

P
(u)
A,1,τA

= I ∗A I ∗A µA ∗A Eu = I ∗A Eu = σA,u,

giving (6). Finally, for k = 1, A = D and g(n) = zω(n) we have

P
(u)
D,1,g(n) = (g ∗ φ

(u)
D,1)(n) = nu

∏

p|n
(1 +

z − 1
pu

),

where the last equality can be easily obtained using the multiplicativity of the involved
functions.

For u = 1 and z = 2 relation (7) is due to us, see [11]. The function ψu(n) = nu
∏

p|n(1+
1

pu ) is the generalized Dedekind function defined by D. Suryanarayana [10].

Remark 2. If g is a real valued increasing function and A and B are two regular convo-
lutions such that A(n) ⊆ B(n) for every n ∈ N , then P

(u)
F,A,k,g(n) ≤ P

(u)
F,B,k,g(n), for every

n ∈ N . In particular, P ∗k (n) ≤ P
(1)
A,k,E(n) ≤ Pk(n) for every regular convolution A and for

every n ∈ N .
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3. Asymptotic formulae

We need the following lemmas.

Lemma 1.

∑

n≤x

n−s =





O(x1−s), 0 < s < 1,

O(log x), s = 1,

O(1), s > 1,

(8)

∑
n>x

n−s = O(x1−s), s > 1.(9)

Lemma 2. (cf. [20], Lemma 8) If A is a cross-convolution, s ≥ 0 and a ∈ N , then

∑

n≤x
(n,a)∈(P )

ns =
φ(aQ)xs+1

aQ(s + 1)
+ O(xs+εfA(a)),

where fA(a) = 1 or fA(a) = σ∗−ε(a) the sum of (−ε)-th powers of the unitary divisors of
a , according as the set Q is finite or Q is infinite, respectively for every 0 ≤ ε < 1 .

Case 1: We consider first the function P
(u)
F,A,k,r obtained for g = Er .

Let f be a nonconstant polynomial with integral coefficients and let its decomposition
into irreducible factors be f = cgr1

1 gr2
2 ...grm

m . Define h(f) = max1≤j≤m rj .

Lemma 3. ([20], Lemma 6) For every set F of nonconstant polynomials and for every
ε > 0 we have

NF (n) = O(nu−h+ε),

where h = 1/h(f1) + 1/h(f2) + ... + 1/h(fu) .

Theorem 4. If A is a cross-convolution, F is an arbitrary set of nonconstant polyno-
mials, k, u ∈ N and 0 < r < h , then

(10)
∑

n≤x

P
(u)
F,A,k,r(n) =

xku+1

ku + 1

∞∑
n=1

φA,kr(n)NF (nk)φ(nQ)
nku+1nQ

+ O(R(x)),

where R(x) = xku if h > r + 1
k and R(x) = xku+1−k(h−r)+ε if h ≤ r + 1

k for every
0 < ε < k(h− r) .

Proof. Using Corollary 1 and Lemma 2 with ε = 0 and using that τ(n) = O(nε) for
every ε > 0, where τ(n) is the divisor function,

∑

n≤x

P
(u)
F,A,k,r(n) =

∑

de=n≤x
(d,e)∈(P )

φA,kr(d)NF (dk)eku =
∑

d≤x

φA,kr(d)NF (dk)
∑

e≤x/d
(e,d)∈(P )

eku

=
∑

d≤x

φA,kr(d)NF (dk)

(
φ(dQ)

(ku + 1)dQ

(x

d

)ku+1

+ O

((x

d

)ku

dε

))
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=
xku+1

ku + 1

∑

d≤x

φA,kr(d)NF (dk)φ(dQ)
dku+1dQ

+ O


xku

∑

d≤x

φA,kr(d)NF (dk)
dku−ε




=
xku+1

ku + 1

∞∑

d=1

φA,kr(d)NF (dk)φ(dQ)
dku+1dQ

+O

(
xku+1

∑

d>x

NF (dk)
dku+1−kr

)
+O


xku

∑

d≤x

NF (dk)
dku−ε−kr


 ,

using that φA,kr(d) ≤ dkr for every d ∈ N . Here the series of the main term is absolutely
convergent, since its general term is

O

(
dkrdk(u−h)+ε

dku+1

)
= O

(
1

d1+k(h−r)−ε

)
,

applying Lemma 3 and choosing ε < k(h− r). The first O -term is

O

(
xku+1

∑

d>x

1
d1+k(h−r)−ε

)
= O

(
xku+1 1

dk(h−r)−ε

)
= O(xku+1−k(h−r)+ε)

using (9) with ε < k(h− r).
The second O -term is

O


xku

∑

d≤x

dk(u−h)+ε/2

dku−ε/2−kr


 = O


xku

∑

d≤x

1
dk(h−r)−ε


 ,

by Lemma 3, which is, using (8): O(xku) for k(h− r) > 1, choosing ε < k(h− r)− 1 and
O(xku+1−k(h−r)+ε) for 0 < k(h− r) ≤ 1 with ε < k(h− r), and the proof is complete.

Corollary 7. If A is a cross-convolution, F is an arbitrary set of nonconstant ir-
reducible polynomials, k, u ∈ N and 0 < r < u , then (10) holds with the error term
R(x) = xku if u > r + 1

k and R(x) = xkr+1+ε if u ≤ r + 1
k for every 0 < ε < k(u− r) .

Proof. In case of irreducible polynomials fi we have h(fi) = 1, thus h = u and we apply
Theorem 4.

For A = D the result of Corollary 7 was proved in [2], Theorem 3.2.
Case 2: Next we consider the function P

(u)
A,k,r(s,d, .) obtained for g = Er, r > u and

fj(x) = sj + (x− 1)dk
j , where (sj , d

k
j )k = 1, 1 ≤ j ≤ u .

Lemma 4. (see [12], Lemma 5)

(11)
∑

n≤x

τ(n)
ns

=





O(x1−s log x), 0 < s < 1,

O(log2 x), s = 1,

O(1), s > 1.

8



Theorem 5. If A is a cross-convolution, k, u ∈ N, r > u and (sj , d
k
j )k = 1, 1 ≤ j ≤ u ,

then ∑

n≤x

P
(u)
A,k,r(s,d, n) =

∆φ(δ)xkr+1

δ(kr + 1)
+ O(S(x)),

where ∆ is given by

∆ =
ζ(k(r − u) + 1)ζQ(kr + 1)

ζP (kr + 1)

∏

p|δP

(
1− 1

pkr+1

)−1 ∏

p|δQ

(
1− 1

pkr+1

)
×

(12)
∏

p∈Q
(p,δ)=1

(
1− 2

pkr+1
+

1
pkr+2

− 1
pk(r−u)+2

+
1

pk(2r−u)+2

)
,

and S(x) = xkr(r > u + 1
k ), xkr log2 x(r = u + 1

k , Q infinite ), xkr log x(r = u + 1
k , Q finite

), xku+1(r < u + 1
k ) .

Proof. By Corollary 3 we have P
(u)
A,k,r(s,d, .) = (Ekr ∗A µA)Iδ ∗A Eku = EkrIδ ∗A µAIδ ∗A

Eku = h ∗A EkrIδ , where h = Eku ∗A µAIδ . Now from Lemma 2, for every 0 ≤ ε < 1,

∑

n≤x

P
(u)
A,k,r(s,d, n) =

∑

e≤x

h(e)
∑

j≤x/e
(j,δeQ)=1

jkr

=
∑

e≤x

h(e)

(
φ(δeQ)

(kr + 1)δeQ

(x

e

)kr+1

+ O

((x

e

)kr+ε

fA(δeQ)
))

=
xkr+1

kr + 1
· φ(δ)

δ

∑

e≤x

h(e)f(eQ, δ)
ekr+1

+ O


xkr+ε

∑

e≤x

ekufA(δeQ)
ekr+ε


 ,

where

f(n, δ) =
∏

p|n
(p,δ)=1

(
1− 1

p

)
and h(n) ≤ nku.

Hence we obtain

∑

n≤x

P
(u)
A,k,r(s,d, n) =

φ(δ)xkr+1

δ(kr + 1)

∞∑
e=1

h(e)f(eQ, δ)
ekr+1

+ O

(
xkr+1

∑
e>x

eku

ekr+1

)

+O


xkr+ε

∑

e≤x

fA(δeQ)

ek(r−u)+ε


 .

Here the series is absolutely convergent, since its general term is O(1/nk(r−u)+1), where
r − u > 0. Let ∆ be the sum of the series. The general term is multiplicative in e and
using Euler’s product formula we get (12) for ∆.
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The first O -term is O(xku+1) by (9) and the second O -tem is for Q finite and choosing
ε = 0: O(xkr) for k(r − u) > 1; O(xkr log x) for k(r − u) = 1; O(xkr · x−k(r−u)+1) =
O(xku+1) for k(r − u) < 1, applying (8).

Furthermore, for Q infinite the second O -term is using (11): O(xkr) if k(r − u) > 1
with ε = 0; O(xkr log2 x) if k(r − u) = 1 with ε = 0; and if k(r − u) < 1 and selecting
0 < ε < 1− k(r − u) it is

O


xkr+ε

∑

e≤x

σ∗−ε(e)
ek(r−u)+ε


 = O(xku+1),

see [13], Lemma 2.2.

Corollary 8. (fj(x) = x, 1 ≤ j ≤ u, δ = 1) If A is a cross-convolution and k, u ∈
N, r > u then ∑

n≤x

P
(u)
A,k,r(n) =

Θxkr+1

kr + 1
+ O(S(x)),

where

Θ =
ζ(k(r − u) + 1)ζQ(kr + 1)

ζP (kr + 1)

∏

p∈Q

(
1− 2

pkr+1
+

1
pkr+2

− 1
pk(r−u)+2

+
1

pk(2r−u)+2

)

and S(x) is defined in Theorem 5.

For A = D this result is due in [2], Theorem 3.2.
In case A = U, k = u = 1 the result of Corollary 8 is proved in [13], Theorem 4.2.
Case 3: Now we deal with the function P

(u)
A,k,u(s,d, .) obtained for g = Eu and fj(x) =

sj + (x− 1)dk
j , (sj , d

k
j )k = 1, 1 ≤ j ≤ u .

We also need the following lemmas.

Lemma 5. ([19]) If A is a cross-convolution and u, t ∈ N , then

∑

n≤x
(n,u)=1

τA(n, t) =
(

φ(u)
u

)2

f(t, u)
(tu)2Q

ζQ(2)φ2((tu)Q)
x (log x + 2C − 1 + 2α(u) + α(t, u)

(13) −2β((tu)Q)− 2
ζ ′Q(2)
ζQ(2)

)
+ O(σ∗−1/2(t, u)S(u)H(x,Q)),

where C is Euler’s constant,

f(t, u) =
∏

p|t
(p,u)=1

(
1− 1

p

)
, φ2(n) = n2

∏

p|n

(
1− 1

p2

)
, α(t, u) =

∑

p|t
(p,u)=1

log p

p− 1
,

α(u) ≡ α(u, 1) =
∑

p|u

log p

p− 1
, β(u) =

∑

p|u

log p

p2 − 1
, S(u) =

∑

d|u

3ω(d)

√
d

ζ ′Q(s) is the derivative of ζQ(s) , σ∗s (t, u) is the sum of s-th powers of the unitary divisors
of t which are prime to u and H(x,Q) =

√
x (Q finite),

√
x log x (Q infinite).
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Lemma 6. If A is a cross-convolution and u, t ∈ N , then

∑

n≤x
(n,u)∈(P )

τA(n, t) =
FA(t, u)
ζQ(2)

x
(
log x + 2C − 1 + 2α(uQ) + α(t, uQ)− 2β(tQuQ)

−2
ζ ′Q(2)
ζQ(2)

)
+ O(σ∗−1/2(t, uQ)S(uQ)H(x,Q)),

where

FA(t, u) =
(φ(uQ))2f(t, uQ)t2Q

φ2(tQuQ)
.

Proof. Apply (13) for uQ instead of u .

Remark 3. For every cross-convolution A and every u, t ∈ N we have 0 < FA(t, u) ≤ 1.

Lemma 7. If A is a cross-convolution and u, t, b ∈ N , then

∑

n≤x
(n,u)∈(P )

nbτA(n, t) =
FA(t, u)xb+1

(b + 1)ζQ(2)

(
log x + 2C − 1

b + 1
+ 2α(uQ) + α(t, uQ)− 2β(tQuQ)

−2
ζ ′Q(2)
ζQ(2)

)
+ O(σ∗−1/2(t, uQ)S(uQ)Jb(x,Q)),

where Jb(x,Q) = xb
√

x (Q finite), xb
√

x log x (Q infinite).

Proof. By partial summation from Lemma 6.

Lemma 8. If A is a cross-convolution, t ∈ N and s > 0 , then the series

∞∑
n=1

(n,t)=1

µA(n)FA(t, n)
ns+1

,

∞∑
n=1

(n,t)=1

µA(n)FA(t, n) log n

ns+1
,

∞∑
n=1

(n,t)=1

µA(n)FA(t, n)(2α(nQ) + α(t, nQ)− 2β(nQtQ))
ns+1

are absolutely convergent. Let At(s), Bt(s) = −A′t(s) (derivative with respect to s) and
Ct(s) denote their sums.

Proof. The absolute convergence follows at once by Remark 3 and by α(n) = O(log n),
β(n) = O(1).
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Theorem 6. If A is a cross-convolution, k, u ∈ N and (sj , d
k
j )k = 1, 1 ≤ j ≤ u , then

∑

n≤x

P
(u)
A,k,u(s,d, n) =

xku+1

(ku + 1)ζQ(2)

(
Aδ(ku)

(
log x + 2C − 1

ku + 1
− 2

ζ ′Q(2)
ζQ(2)

)
−Bδ(ku)

+Cδ(ku)) + O(Jku(x,Q)),

where Aδ(ku), Bδ(ku), Cδ(ku) and Jku(x,Q) are defined in Lemma 8 and Lemma 7, repec-
tively.

Proof. Using Theorem 2 and lemma 7 with b = ku, u = d, t = δ we get

∑

n≤x

P
(u)
A,k,u(s,d, n) =

∑

d≤x
(d,δ)=1

µA(d)
∑

e≤x/d
(e,d)∈(P )

ekuτA(e, δ) =

=
∑

d≤x
(d,δ)=1

µA(d)

(
FA(δ, d)xku+1

(ku + 1)ζQ(2)dku+1

(
log

x

d
+ 2C − 1

ku + 1
+ 2α(dQ) + α(δ, dQ)

−2β(dQδQ) −2
ζ ′Q(2)
ζQ(2)

)
+ O

(
σ∗−1/2(δ, dQ)S(dQ)Jku(

x

d
, Q)

))

=
xku+1

(ku + 1)ζQ(2)







∑

d≤x
(d,δ)=1

µA(d)FA(δ, d)
dku+1




(
log x + 2C − 1

ku + 1
− 2

ζ ′Q(2)
ζQ(2)

)

−
∑

d≤x
(d,δ)

µA(d)FA(δ, d) log d

dku+1
+

∑

d≤x
(d,δ)=1

µA(d)FA(δ, d)(2α(dQ) + α(δ, dQ)− 2β(dQδQ))
dku+1




+O




∑

d≤x
(d,δ)=1

σ∗−1/2(δ, dQ)S(dQ)Jku(
x

d
,Q)




=
xku+1

(ku + 1)ζQ(2)

(
Aδ(ku)

(
log x + 2C − 1

ku + 1
− 2

ζ ′Q(2)
ζQ(2)

)
+ O

(
log x

∑

d>x

1
dku+1

)

−Bδ(ku) + Cδ(ku) + O

(∑

d>x

log d

dku+1

)
+ O


xku+1/2(log x)γ

∑

d≤x

S(d)
dku+1/2





 ,

where γ = 0 if Q is finite and γ = 1 if Q is infinite. Now using (8), the well-known
estimate

∑

d>x

log d

ds
= O

(
log x

xs−1

)
, s > 1, and

∑

n≤x

S(n)
ns+1/2

= O(1), s ≥ 1,

12



see [15], Proposition 7, the proof is complete.

Remark 4. For fj(x) = x, 1 ≤ j ≤ u we have δ = 1,

A1(ku) =
1

ζP (ku + 1)

∏

p∈Q

(
1− p− 1

(p + 1)(pku+1 − 1)

)
,

B1(ku) = A1(ku)


ζ ′P (ku + 1)

ζP (ku + 1)
−

∑

p∈Q

(p− 1)pku+1 log p

(p + 1)(pku+1 − 1)2

(
1− p− 1

(p + 1)(pku+1 − 1)

)−1

 .

For A = D,u = 1, δ = 1 this result is due in [2], Theorem 3.1. In case A = U, u = 1, δ = 1
the result of Theorem 6 is proved in [15].
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[15] L. Tóth, The unitary analogue of Pillai’s arithmetical function, II., Notes Number
Theory Discrete Math. 2 (1996), 40-46.
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14



László Tóth

Faculty of Mathematics and Computer Science
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