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1. INTRODUCTION

Pillai’s ([8]) arithmetical function is defined by P(n) = Y. (i,n), where (i,n) denotes
the greatest common divisor (gcd) of ¢ and n. In this paper we consider the following
generalization of this function. Let A be a regular convolution of Narkiewicz-type ([7])
given by

(fxa9)n)= > f(dg(n/d).
deA(n)
see also [6], [9], [16]. This is a common generalization of the Dirichlet convolution D and
of the unitary convolution U .

We recall that if A is a regular convolution, then the elements of the set A(n) are called
the A-divisors of n and

(i) for every prime power p® there exists a divisor ¢t =t ,(p®) of a, called the type of p®
with respect to A, such that A(p?t) = {1, pt, p?,...,p"*} for every i € {0,1,...,a/t},

(ii) the function I, defined by I(n) = 1 for all n € N, N denoting the set of positive
integers, has an inverse p1, with respect to the A-convolution, pu, is multiplicative and for
all prime powers p® one has

otherwise.

" -1, ift,(p*) = a,
pa(p*) = 0

For k€ N, let A, (n) ={d e N:d* € A(nk)}. The A, -convolution is regular whenever
the A-convolution is regular, see [9], Theorem 3.1. Let (a,b), , denote the largest k-th



power divisor of a which belongs to A(b). Note that (a,b)p, = (a,b), is the greatest
common k-th power divisor of a and b.

Furthermore, let uw € N, let F' = {f,, f,,..., f,} be a set of polynomials with integral
coefficients and let g be an arbitrary arithmetical function. We define the generalized Pillai
function P}“Ak g by

(1) PR = Y g(((F;(2)),n*) 40,

)
xj(mod n*)
1<j<u

where (f;(z;)) stands for the ged of f (), ..., f,(2,).

We use the notations E_, F' and I for the functions E (n) = n®, E(n) = E,(n) = n and
I(n) = Ey(n) = 1,n € N, respectively.

For A = D, the function Pl(’?l)lk,g = P};f,g’g was investigated by J. CHIDAMBARASWAMY
and R. SITARAMACHANDRARAO [2| and for A = D,k =u =1, f/(z) =« and g = E,
we get the function P. defined by K. Arvapr [1]. If A = D,u = 1, fi(z) = 2 and
g = E we obtain the function P, introduced by H.G. KOPETzKY [5], which reduces
to the function P of S. S. PiLLAI [8] in case kK = 1. The unitary analogues P* (case
A=Uu=k=1,f(z)=z,9=FE,) and P} (case A=U,u=1, f|(x) =2,9 = EF) were
introduced and investigated by us in [13], [15].

For A = D,k = 1,9 = E and for polynomials of first degree f;(z) = s;

;+ (r—

1)d;, (s;,d;) = 1,1 < j < u the corresponding function was studied by us in [14].

We give arithmetical evaluations for our generalized Pillai function and we establish
asymptotic formulae for it in the following three cases:

Case 1: g = E_, F a set of nonconstant polynomials with an additional condition
(including the case when all the polynomials are irreducible),

Case 2: g = E, with r > v and f;(z) =s; 4+ (z — 1)d§?, (sj,dé?)k =1,1<j<u,

Case 3: g=E, and f;(z) =s; + (z — 1)d, (s;,d¥), =1,1 < j <w,
assuming that A is a cross-convolution and using elementary arguments.

The notion of cross-convolution, as a special regular convolution was introduced in our
previous papers [20], [16], [17], [18] as follows. We say that A is a cross-convolution if for
every prime p we have either ¢,(p*) =1, i.e. A(p®) = {1,p,p?,...,p*} = D(p*) for every
acNort,(p*) =a,ie A(p*) ={l,p*} =U(p*) for every a € N. Let P and @ be the
sets of the primes of the first and second kind of above, respectively, where P U Q = P is
the set of all primes. For P =P and Q = () we have the Dirichlet convolution D and for
P = and Q =P we obtain the unitary convolution U .

For z > 1 let

~1 ~1
R
peP

where (p(2)(o(2) = ((2) is the Riemann zeta function.

Furthermore, let (P) and (@) denote the multiplicative semigroups generated by {1}UP

and {1} U@, respectively. Every n € N can be written uniquely in the form n =n PG>
where np € (P),ng € (Q).
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The results of this paper generalize and unify many known results concerning the special
cases mentioned above.

2. ARITHMETICAL EVALUATIONS

For a polynomial f with integral coefficients let N, (n) denote the number of incongruent
solutions (mod n) of the congruence f(z) =0 (mod n). It is well-known that the function
N is multiplicative. Define the function Ny by Np(n) = N, (n)N, (n)...N; (n) for each
n € N. It follows that the function N is multiplicative.

The arithmetical evaluation of the function ngh kg 1S given by

Theorem 1. If A is a reqular convolution, F = {f,, f5,..., f,} is an abitrary set of

polynomaals with integral coefficients, k € N and g is an arithmetical function, then

(2) Pjgf){,k,g =((go E}) * AL MAk)(NF oEy) * AL By

where o denotes the ordinary composition of functions.

If in addition g is multiplicative, then P](;ujzlk g s multiplicative.

Proof. Grouping the terms of (1) according to the values ((f;(z;)),n"*),, = d* and
using that d* € A((a,b), ;) if and only if d¥|a and d* € A(b), see [9], Theorems 4.2 and

4.3, we get

P, =Y 3 g dy= 3 g,  where
deAy(n) xj(mod nk) deAg(n)
1<<u

((f; (Ij))mk)A,k:dk

T, = Z 1= Z 1

xj(mod nk) xj(mod nk)
1<j<u 1<j<u
((f3(x)),n*) a,x=d" ((£(z3)/d*),(n/d)*) a, k=1

= 2 > IRCEND SEEEED DRNINC

z;(mod n*) eF€A(((f;(x;)/d*),(n/d)*)a k) zj(mod n®) €| f;(x;)/d"
1<j<u 1<j<u e€AL(n/d)
"\ ku
= D g (e) > 1= > MAk(e)(%)k Ny ((de)").
e€Ap(n/d) z;j (mod nk) e€Ay(n/d)
1<j<u

fj(z;)=0(mod (de)k)

Hence
e)k
Pl = T o) S ool

deAk(n) eeAk(n/d)
Denoting de = § € A, (n), where d € A, (n),e € A, (n/d) if and only if § € A, (n),d €
A, (8), cf. [9], Theorem 2.1, we have
u u N (5k)
Piiig(m) =n™ 37 502 37 g(d)uy, (6/4),

S€A(n) de A (9)
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which finishes the proof of (2). It has been already noted that N is multiplicative. If g
is multiplicative, then using that regular convolutions preserve the multiplicativity, we get
that Pl(fgk , 1s multiplicative.

Let ¢4, =pa*y E,. For s =ku and for A, instead of A,

(3) ¢Ak,ku( n) = E:)Ic( ) = (MAk * A E.)(n)

represents the number of ordered u-tuples (z,z,,...,z,) (mod n*) such that
((z;),n*) 4 ;) = 1. This generalized Euler function was introduced by P. HAUKKANEN and
P. J. McCARTHY [4], see also [3]. Observe that ¢p 1 = ¢ is the Euler function.

Corollary 1. (¢9=FE_  and g=FE,)
(u) — plu)
Prare, =Prag,= ¢Ak,rk(NF°Ek)*Ak Erws

P}“}lku—qﬁ W(NpoE)x, B,

w®

If fi(z) = s; + (z - 1)d§?, j = 1,2,...,u, then let Pl(Vﬁzl,k,g = ng?,lvg(s,d,.), where
s = (81,85, 8,) and d = (d;,d,, ...,d,). Taking into account that in this case N, (n) =

»

(d¥,n) if (d¥,n)|s ; and N, (n) = 0 otherwise, from Theorem 1 we get the following result.

Corollary 2. For every A, g,k,u,s,d and n € N we have

P (sidn) =0 N ((go By #u, 14, )(e)e " (e,dy) (e, dy)" ... (e,d,,)".

e€Ag(n)
(e,d;)"|s;
1<j<u

Let 6 =d,d,...d,. We have
Corollary 3. If (sj,d?)k =1, j=1,2,...,u, then for every n € N,
P g(sdin) =0k 37 (g0 By) sy, g, )(e)e
e€A(n)
(e,0)=1

and if in addition g is a multiplicative arithmetical function, then

a/t—1

(w) ok g(pak) g kzt
PAJ%Q(S’ d’ TL) =n H paku + kut Z kuzt
p*|In
(p,0)=1

for every n € N,n > 1, where p®||n means p®|n,p®*! fn and t = ta, (P)-

3%
for n =p®, with p fd;,1 <j <wu and A, (p*) = {1,p",p*,....,p"},t =1, (p*) we have

Proof. Since (s.,d¥), =1, we have (e,d;)*|s; if and only if (e,d;) = 1. Furthermore

a/t

P,E}ullg S d,p Z zkt (“) a it)'
=0
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Using now that gbff}k(l) =1 and

u a—1 u\a—1 1
k) = ()= ),

for every i € {0,1,...,a/t — 1}, we get

a/t—1
u a a 1 u\a—1 1
P (s,dp™) = g0™) + > g0 () - )
=0

If n = p* and p|dj for some j,1 < j < u, then Pqufl)g,g(s,d,p“) = pou and the proof is
complete.

Corollary 4. (g=FE,) If r # u, then

B 1 pak(rfu) -1
pl (s,d,n) = nk* (pak(r v 4 (1 — ) ;
ALk, pl}[n pkut ptk(r—u) -1
(p,0)=1

and if r = u, then

a
n )

1
ng,i’u(s,d,n) = nkv H (1 + (1 — kut)
P b
(p,6)=1
for every n € Nyn > 1, where t = tAk(p“).
Corollary 5. If A is a cross-convolution, then for every n € Nyn > 1 we have

” 1 1
Pzg,l)f,u(s7 d7n) = nku H (1 + a (1 o W)) H (2 o paku) '

p*|In,peP p*||n,pEQ
(p,(;):l (p,(;)ZI

For s, =d; =1, ie. for f(z) =2,1<j < u, let Plgﬂ’kyg = PX,‘LQ and we get from
Theorem 1

Corollary 6. For every regular convolution A and for every g, k,u we have
Pilhg =90 Fy) a, 05

(u) _ plu)  _ (w)
Pyie, =Pakr=Eg *a, Oak

Remark 1. If A is a cross-convolution, then A, = A for every k € N, see [9], Theorem
3.3, [16], Remark 2 and from (3) we have

u k 1 ku
k= 14 %4 By = 050 = 040, = 847,

Py = (90 E) w4 0% %  PYY = By o4
and it follows that
u) u) (k 1)
(4) P,Ex,k,u =Ep, %4 ¢E4,k: = PA,Q)L,k = P,Ex,ku,r

Another representation of the function Piu% ,(s,d,.) is given by
5



Theorem 2. If (s Sjs j) =1, =12, ..,u, then

ng,)m(s, d,.) = pu, L5 4, Epy7a, (5 0),
where Ig(n) =1 or 0, according as n and 6 are coprime or not, and 7,(n,d) denotes the

number of A-divisors of n which are prime to §.
Proof. We deduce from Corollary 3
Pf(;fz)c,u(s; d,.) = (Epy *a, Haps *a, Bru = ba s *a, Bruls *a, By
= pip, Ls %0, By (Ls 54, 1) = pig, Is % 4, EpyTa, (-5 6)-
For other special choices of g we have for example the following results.

Theorem 3. For every reqular convolution A and for every n € N,

(5) > o4 (((z),m) 1) =1 (n),

xj(mod n)
1<j<u

(6) Z TA(((%)»”)A) = UA,u(n)a

xj(mod n)

1<j<u
-1
(7) DR | [( z ),
2 (mod ) pln P
1<5<u

where 7,(n) and o 4 ,(n) denote the number of A-divisors of n and the sum of u-th powers
of A-divisors of n, respectively, w(n) is the number of distinct prime factors of n and z

18 a complex number.

Proof. In case k =1 using Corollary 6 we deduce

(w)
PA,l,g_g*A¢A1_g*A:uA*AE

Now for g =0, , =1*, E, we get
Pzglui JOAu _I*A Eu >|<A Ha >|<A Eu :Eu >l<A Eu :EuTA7

which is relation (5), and for g =7, = I %, I we conclude
PXQ,TA =Tsylspyppg o B, =15, B = O Aus
giving (6). Finally, for k =1,A =D and g(n) = 2#(") we have
u [ Z — 1
PR o) = (g 650 (m) = n [T(1 +

pln
where the last equality can be easily obtained using the multiplicativity of the involved

functions.

For u =1 and 2 = 2 relation (7) is due to us, see [11]. The function ¢, (n) =n" ], (1+
I%) is the generalized Dedekind function defined by D. SURYANARAYANA [10].

Remark 2. If g is a real valued increasing function and A and B are two regular convo-
lutions such that A(n) C B(n) for every n € N, then P},ﬁuf)‘ hg(m) < Pl(;% .g(n), for every
n € N. In particular, P}(n) < Pf(lli g(n) < P.(n) for every regular convolution A and for

every n € N.
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3. ASYMPTOTIC FORMULAE
We need the following lemmas.

Lemma 1.

(8) Z n~° =< O(logz), s=1,

= O(1), s>1,
(9) Y n=0@E""), s> L
n>x

Lemma 2. (cf. [20], Lemma 8) If A is a cross-convolution, s > 0 and a € N, then

a,,)wstl
2. = _i;é—)+ Ty + 0@ (@),

n<x
(n,a)€(P)
where f,(a) =1 or fy(a) = 0*_(a) the sum of (—¢)-th powers of the unitary divisors of
a, according as the set Q) is finite or Q 1is infinite, respectively for every 0 < e < 1.

Case 1: We consider first the function Pl(pujl i Obtained for g = F .
Let f be a nonconstant polynomial with integral coefficients and let its decomposition
T T2

into irreducible factors be f = cgi'gy°...g; . Define h(f) = max,; ., 7;.

Lemma 3. ([20], Lemma 6) For every set F of nonconstant polynomials and for every

e >0 we have
Np(n) = O(n"~"*),

where h = 1/h(f,) +1/h(fy) + ...+ 1/h(f,)-

Theorem 4. If A is a cross-convolution, F' is an arbitrary set of nonconstant polyno-
mials, k,u € N and 0 <r < h, then

(w) ahutl L@y g (M) Np(nF)g(ng)
(10) RZ;EPFAICT k’u+1 Z:: nkquan +O<R(‘T))7

where R(z) = z* if h > r + ¢ and R(z) = ghutl=kh=nite 4f b < r+ 1 for every
0<e<k(h—r).

Proof. Using Corollary 1 and Lemma 2 with ¢ = 0 and using that 7(n) = O(n®) for
every € > 0, where 7(n) is the divisor function,

SR = S 6 (NG = 6, (NG DT e

n<x de=n<zx d<z e<z/d
(d,e)€(P) (e,d)E(P)
¢(d ) x\ ku+1 x\ ku
— AN (d*) | 9 (2 o (=) &
;‘Mkr() l )<(l<:u+1)dQ (3~ (<d> >
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phutl Z DAk () Np(dF)p(dg) Lo :Ukuz b 4 ()N p(d¥)

T hu+t1 dFutid,, dFu—e

d<zx d<zx

ghurl ¢, (d)N(dR)d(dyy) ( i N (d%) ) N .(d*)
Z Z dku =

T ku+t1 dFurid,, F1—kr Jku—e—Fkr |

d=1 d>x

using that ¢, . .(d) < d*" for every d € N. Here the series of the main term is absolutely

convergent, since its general term is

dkr dk(u—h)+e 1
0 ( Jkutl ) =0 (dl—l—k(h—r)—s) )

applying Lemma 3 and choosing ¢ < k(h — 7). The first O-term is

1 1
O ku+1 E : O ku+1 O ku+1—k(h—r)+

d>x

using (9) with € < k(h — 7).
The second O-term is

dk(u—h)+e/2 1
ku o ku
Of= Z dku—e/2—kr =0 |z Z qk(h—r)—¢ |

d<z d<z

by Lemma 3, which is, using (8): O(z**) for k(h —r) > 1, choosing ¢ < k(h —r) — 1 and
O(xkutl=k(h=r)+e) for 0 < k(h —r) <1 with € < k(h —r), and the proof is complete.

Corollary 7. If A is a cross-convolution, F is an arbitrary set of mnonconstant ir-
reducible polynomials, k,u € N and 0 < r < u, then (10) holds with the error term
R(z) =k if u>r+ ¢ and R(z) = a*+1%e if u <r+ ¢ for every 0 <e < k(u—r).

Proof. In case of irreducible polynomials f; we have h(f;) =1, thus h = u and we apply
Theorem 4.

For A = D the result of Corollary 7 was proved in [2], Theorem 3.2.
Case 2: Next we consider the function PX,)w(s,d, .) obtained for g = E,_,r > u and

fi(x) =s; + (x = 1)d}, where (s;,d¥), =1,1<j <wu.

Lemma 4. (see [12], Lemma 5)

O(zt=slogz), 0<s<l,
(11) Z % =< O(log?z), s=1,
na® O(1), s> 1.



Theorem 5. If A is a cross-convolution, k,u € N,r > u and (Sj,d;?)k =1,1<j<u,
then A(8)zkrt
pw d.n) = 22907

Z A,k,r(s? ,TL) 5(kr+ 1) —I—O(S(l‘)),

n<x

where A is given by

k(= ) + 1) (kr 4+ 1) L\ )
A= Cplhr + 1) H(“W) H(l_W)X

plép pléq
2 1 1 1
Z;I;!:Q pkr+1 pkr—|—2 pk(r—u)—l—Z pk(ZT—u)+2
(p,6)=1

and S(z) = 2% (r > u+ 7), " log? x(r = u + +,Q infinite ), z*" logx(r = u+ 3, Q finite
), ket (r <u+ 1),

Proof. By Corollary 3 we have PXL,)M(S, d,.)= (B, ssps)lsxs B, = Ep ds* 4 piads% 4
E,, =hx*, E I5, where h=FE,  *, p,Is. Now from Lemma 2, for every 0 <e <1,

Z Pf{?[l,r(s, d7 n) = Z h(e) Z jkr

n<z e<z j<a/e
(4,0eq)=1
p(deg) x\ kr+l o ke
=2 M) (m () o ((g) fA<5eQ>>>

Zhr 1l () Z h(e)f(eq,d) 20 [ whre Z ek f,(0eq)

T krtl 9 ekr+1 ghrte ’
e<z e<x

where

p

fo0) = [ (1—1> and  h(n) < nkv.

Hence we obtain

(w) _g(8)zhrtt X hle) f(eg, d) _— eku
Z P jr(s:d,n) = 5(kr + 1) Z s Oz Z o1
1

n<x e= e>x

+0 xkr-l—& Z fA(éeQ)

k(r—u)+
= ek(r—u)+e
Here the series is absolutely convergent, since its general term is O(1/nk(r—%+1) where
r—u > 0. Let A be the sum of the series. The general term is multiplicative in e and

using Euler’s product formula we get (12) for A.
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The first O-term is O(zF*+1) by (9) and the second O-tem is for @ finite and choosing
e =0: O(xkr) for k(r —u) > 1; O(zF"logx) for k(r —u) = 1; O(zkr - p=kr—w+1) =
O(zFu+1) for k(r —u) < 1, applying (8).

Furthermore, for @ infinite the second O-term is using (11): O(z*") if k(r —u) > 1
with € = 0; O(z*"log® z) if k(r — u) = 1 with € = 0; and if k(r — u) < 1 and selecting
0<e<l—k(r—u)itis

kr+ aie(e) _ ku+1
O |2 ) Sty | = 06",
e<z

see [13], Lemma 2.2.

Corollary 8. (f;(z) = 2,1 <j < wu,d =1) If A is a cross-convolution and k,u €

N,r > u then
(u) B @mkr—l—l
;PA,k,r(n) e + O(5(z)),
where
o C(k(r —u) + 1)Co(kr +1) L2 1 1 1
o CP(kT + 1) ple_IQ - pkr+1 + pkr+2 - pk(r—u)+2 + pk(2r—u)—|—2

and S(x) is defined in Theorem 5.

For A = D this result is due in [2], Theorem 3.2.

In case A=U,k=wu=1 the result of Corollary 8 is proved in [13], Theorem 4.2.

Case 3: Now we deal with the function Pjg%;’u(s, d,.) obtained for g = E, and f;(z) =
s; 4 (x = 1)d}, (s;,d5),, = 1,1 < j <u.

We also need the following lemmas.

Lemma 5. ([19]) If A is a cross-convolution and u,t € N, then

Z T4(n,t) = (#) flt,u) (fu)g z (logx 4+ 2C — 1+ 2a(u) + a(t, u)

n<x CQ(2)¢2((tu)Q)
(n,u)=1
/(2
(13) 98((tu)g) — 2522 ) 4 0(6" (1. ) S(u) H (. Q).
0

where C' is Euler’s constant,

ftw =11 (1—%,), ¢>2(n)=n2]—[(1—%), oty = 3 8P

-1’
plt pln plt p
(p,u)=1 (p,u)=1
log p logp 3w(d)
au) = a(u, 1) = , u) = —_—, S(u) =
=)= B =5 s =30

Cé?(s) is the derivative of CQ(S), o¥(t,u) is the sum of s-th powers of the unitary divisors
of t which are prime to u and H(z,Q) = /x (Q finite), Jxlogz (Q infinite).
10



Lemma 6. If A is a cross-convolution and u,t € N, then

Z Ta(n,t) = F?Q(? ;L)x <loga: +2C — 1+ 2a(ug) + a(t,ug) — 28(tgug)

(o2

_QCQ(2)> + O(o’il/Q(t, UQ)S(UQ)H(x7 Q)),

where
(¢(UQ))2f(t7 UQ)tzg‘

Fu(t,u) = (o)

Proof. Apply (13) for ug instead of wu.

Remark 3. For every cross-convolution A and every u,t € N we have 0 < F,(¢t,u) < 1.

Lemma 7. If A is a cross-convolution and u,t,b € N, then

F o (t,u)zb+! (
b AL
E n’T,(n,t) = ——F—— | logz +2C —
= (b+1)¢n(2)

(n,u)e(P)

1
e + 2a(uQ) + a(t,uQ) - 25(%“@)

Co(2)
CZ(2>>+O( “172(t: Q)8 (ug) 1y, Q)),

—2

where J,(z,Q) = x®/x (Q finite), x¥\/xlogx (Q infinite).
Proof. By partial summation from Lemma 6.

Lemma 8. If A is a cross-convolution, t € N and s > 0, then the series

pa(n)E,(t,n) pa(n)F,(t,n)logn
Z ) Z anmioer,

(n t) 1 (n,t):l

0 W(t,n)(2a(ng) + alt,ng) — 28(npty))
Z Qns+1 Q QLR
i

are absolutely convergent. Let A,(s), B,(s) =

—Al(s) (derivative with respect to s) and
C,(s) denote their sums.

Proof. The absolute convergence follows at once by Remark 3 and by a(n) = O(logn),
B(n) = 0O(1).
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Theorem 6. If A is a cross-convolution, k,u € N and (sj,d;?)k =1,1<j<u, then

ku+1
Pguiusdn T

1 (o(2)
(ka1 1), (2) (Aé(ku) <logx +2C — el 2(@@)) — By(ku)

n<x

+Cs(ku)) + O(Jy, (2, Q)),
where Ag(ku), Bs(ku), Cs(ku) and J,,(x,Q) are defined in Lemma 8 and Lemma 7, repec-
tively.
Proof. Using Theorem 2 and lemma 7 with b = ku,u = d,t = § we get

STPY sdn)= Y ) DY eriry(e,d) =

n<z d<zx e<z/d
(d,0)=1 (e, d)E(P)

B F,(0,d)xkutl T 1
= > puld) <(ku—|— DG, @)dF log = +2C — Tl +2a(dg) + a(d,dy)

d<z
(d,8)=1
CH(2) v
—206(dy0) _QCQ(2)) +0( "1 (0,d )S(dQ)Jku(E,Q)>)
_ ek pa(d)Fy(0,d) 1 ¢o(2)
T (bt 1)((2) d; dFu+1 (logx L 2gQ(Q)
(d,8)=1
' (8,d) log d pa(d)F,(6,d)(20(dg) + (0, dg) — 26(dgdg))
Z pa(d dku+1 ) log n Z A A Qdku+1 Q RQ
d<zx d<zx
(d,5) (d,5)=1
O | Y 0% 5(6.d0)S(dg) (5, Q)
(b1
B xhutl 1 (o(2) 1
= Gy D) (Aé(ku) <logx+20— o _2CQ(2)> +0 (logazg W)

logd " S(d
—Bj(ku) + Cy(ku) + O ( W) + O (xk +1/2(log x)7 Z —dku(—l—l)/Q) ) 5

d>x d<z

where v = 0 if @ is finite and v = 1 if @ is infinite. Now using (8), the well-known
estimate

logd log x S(n)
ds :O(xs—l) s S>1, and ZWZO(1)7 SZ 1,

d>x n<lx
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see [15], Proposition 7, the proof is complete.

Remark /4. For fj(x) =2,1<j<wu wehave 6 =1,

_ 1 _ p—1
Al = ey L (1 b D) = 1>) ’

PeEQR

_ (plhu+1) (p— Dprettlogp (. p—1 o
Bulb) = Aylb) | i)~ 2 G D - 1 (= Gripre—)

For A= D,u=1,§ =1 this result is due in [2], Theorem 3.1. Incase A =U,u=1,6 =1
the result of Theorem 6 is proved in [15].
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