On an operation involving regular convolutions
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Abstract

We introduce operation (1.3) which is a generalization of the regular A-convolutions
and has properties analogous to the operation (1.4). As an application we investigate
certain Euler-type functions and Pillai-type functions.
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1 Introduction

Let N,R and C denote the sets of positive integers, real numbers and complex numbers,
respectively, and denote by A the set of arithmetical functions f : N — C. For u € NU{0}
let F,, be the set of functions of u + 1 variables F': N x C* — C. The values of F will be
denoted by F(n,x), where x = (21, ...,2,) € C".

For f € A and F € F, we introduce the operation o by

(1.1) (fo =>_f(d)F(n/d x/d),
din
where x/d = (x1/d, ..., x,/d).

For u = 0, F' is an arithmetical function (F' € A = F() and operation (1.1) reduces to
the Dirichlet convolution * given by

(1.2) =Y f(d)F(n/d).
dln

More generally, if A is a regular convolution of Narkiewicz-type [5], see section 2, we define
the operation o4 by

(1.3) (foaF)(n,x)= Y f(d)F(n/d,x/d),

deA(n)



which is a generalization of the A-convolution.
Operation (1.3) and its particular case (1.1) seem not to have appeared in the literature.
We show that operation o4 has properties analogous to the generalized convolution

(1.4) Z f(n)F(xz/n),

n<x

where x € R,z > 1, f € Aand F : [1,00) — C is a function, see for ex. T. M. APOSTOL
[1], pp. 39-40.

Then, using these properties we investigate certain Euler-type functions and Pillai-type
functions and point out connections between them.

2 Regular convolutions

In this section we give the definition and some properties of the regular convolutions. Let
A(n) be a subset of the set D(n) of positive divisors of n for each n € N. The A-convolution
of the functions f,g € A is given by

(2.1) (frag)n)= > f(d)g(n/d).

deA(n)

W.NARKIEWICZ [5] defined the A-convolution (2.1) to be regular if

(a) A is a commutative ring with unity § (where §(1) = 1 and d(n) = 0 for all n > 1)
with respect to ordinary addition and to *4,

(b) the A-convolution of multiplicative functions is multiplicative,

(c) the function I, defined by I(n) =1 for all n € N, has an inverse p4 with respect to
x4 and pa(p®) € {—1,0} for every prime power p*(a > 1).

It can be proved, see [5], that an A-convolution is regular if and only if

(i) A(mn) ={de:d € A(m),e € A(n)} for every m,n € N, (m,n) = 1,

(ii) for every prime power p*(a > 1) there exists a divisor t = t4(p*) of a, called the type
of p® with respect to A, such that A(p®) = {1,pt,p*,...,p*} for every i € {0,1,...,a/t}.

For example, the Dirichlet convolution D, where D(n) is the set of all positive divisors
of n, and the unitary convolution U, where U(n) is the set of all unitary divisors of n (i.e.
divisors d of n with (d,n/d) = 1), are regular.

The nonzero function f € A is said to be A-multiplicative if f(d)f(n/d) = f(n) for all
n,d € N,d € A(n). Note that the D-multiplicative and U-multiplicative functions are the
completely multiplicative and multiplicative functions, respectively. If f is A-multiplicative,
then f(gxa h) = fg=*a fh for every g,h € A and the inverse of f with respect to the A-
convolution is f~1 = paf, cf. [11].

If S is an arbitrary subset of N, let pg stand for its characteristic function. We say that
S is multiplicative if pg is a multiplicative function. The generalized Mobius function jg 4
is defined by

(2:2) ps.axal = ps.

For k € N, let Ap(n) = {d € N : d* € A(n*)}. The Aj-convolution is regular whenever
the A-convolution is regular, see [7], Theorem 3.1. Let (a,b)s denote the largest k-th
power divisor of a which belongs to A(b). Note that (a,b)pr = (a,b), is the greatest
common k-th power divisor of a and b.



3 The operation oy

Let A be a regular convolution and consider the operation o4 defined by (1.3).

Theorem 3.1 For every f,g € A, F,G € Fy,

(3.1) foa(F+G)=foaF+ fosG,
(3.2) (f+g)oaF =fosF+goalF,
(3.3) foalgoaF)=(f*ag)oakF,
(3.4) dog FF=F,

i.e. Fy is an A-module.

Proof. (3.1), (3.2) and (3.4) yield at once by the definitions. We prove (3.3): For every
n € N,x € C":
(foalgoaF))(n,x) = > f(d)(goaF)(n/d,x/d)= > f(d) > g(e)F(n/(de),x/(de)).
deA(n) deA(n) eEA(n/d)

Denoting de = 0, where d € A(n),e € A(n/d) if and only if § € A(n),d € A(S), cf. [7],
Theorem 2.1, we have

(foalgoa F))(n,x)= ), ( > fd 5/d)F(n/5,X/5)

S€A(n) \deA(S
= Y (f*a9)(0)F(n/8,x/8) = ((f %4 g) oa F)(n,x).
0€A(n)
The next inversion formulae follow by Theorem 3.1.
Theorem 3.2 (Inversz'on—formula) If fe A f(1) 40 and F,G € F,, then the equation
= > f(d)G(n/d,x/d)
deA(n)

implies

= Y [THd)F(n/d,x/d).

deA(n)
where f~1 is the inverse of f with respect to the A-convolution * 4.

Proof. If F = fo, G, then f~log F=f"lo(foaG)=(fl%af)oG=004G=0G
using Theorem 3.1.

Theorem 3.3 (Mébius-type inversion) If f € A is A-multiplicative and F,G € F,, then
the equation

= Y [f(d)G(n/d,x/d)
deA(n)
implies and is implied by
Z pa(d F(n/d,x/d).
deA(n)

Proof. Apply Theorem 3.2 and the fact that f=! = paf.



4 Applications to certain Euler-type and Pillai-type func-
tions

Let A be a regular convolution, k,u € N and let F : N**! — C a function of u + 1
variables, whose values will be denoted by F'(n,a), where a = (a1, ag, ...,a,) € N*. Assume
that F'(1,1) # 0, where 1 = (1,1,...,1) € N*, and that there exists a function fr = f € A
with the property

(4.1) F(n,d*a) = f(d)F(n/d,a),
for every n,d € N,d € Ai(n) and a € N%, where d*a = (d*ay,d"as, ..., d"a,).
Remark. The function f satisfying (4.1) is Ag-multiplicative:

_ F(de,(de)*a) _ f(d)F(e,e*a) _ f(d)f(e)F(La) _
) = s = T = T Ry = @)

for every d,e € N, d € Ag(de) and for a = (1,1,...,1).

If x = (r1,22,..,2u),y = (Y1,%2, -, 9u) € R¥, we write x < y for z; < y;,i €
{1,2,...,u}. For an arbitrary subset S of N and for 1 < x define the functions belong-
ing to Fy:

(4.2) 05k pp(n,%) = 3 F(n,a),

lgagxk
((@),nF) 4 )V kes

where x* = (¥, 2%, ... 2F) and (a) is the ged (a1, az, ..., ay),
(4.3) PM(n,x)= Y F(n,a).
1<a<xk

Theorem 4.1 If S C N, A is a reqular convolution and F is defined by (4.1), then
4.4 w p
(4.4) ¢S,A,k,F ws,Ay f oAy k,F*

Proof. Using that d* € A((a,b)a ) if and only if d*|a and d* € A(b), see [7], Theorem
4.2, we have by (2.2),

1<a<xk
= Y, F(n,a) > psa(d)
1<a<xk dke A(nk)
dk|(a)
= > psa(d) > F(n,a),
dGAk(Tb) 1<a<xk

dk|ay,d*|ag,...,d¥|ay
where denoting a; = d*b;,i € {1,2,...,u} we get

¢597f,)4,k,p(”ax): Z s, A, (d) Z F(n,d"b)

deAy(n) 1<b<(x/d)



= > usadfd) Y. F(n/db)

dEAk(’I’L) 1§b§(x/d)k
= > usa (d)f(d)P(n/d,x/d)
dEAk(n)

= (ps.a,f o, PL9)(n,%).

Theorem 4.2 If S C N, A is a reqular convolution and F is defined by (4.1), then

(4.5) Piguf)“ = hoy, d)gf,)&k,F?

)

where h = f x4, (fps)~t. If S = {1}, then h = f.

Proof. Applying Theorem 3.3 we get from Theorem 4.1 relation (4.5) with h =
(M&Akf)il which is, using (2'2)7 h = ((/’[’Ak * Ay, ps)f)il = (:u‘Akf*Ak pSf)il = (:U'Akf)il * Ay
(psf)~" = f*a, (fps)™'. I S = {1}, then ps = § and h = f.

If F(n,a) =1 for every (n,a) € N*“*1 then P,Sg(n,x) = [«¥][25]...[zF] and
¢gu34 pp(n,x) = qﬁ(suj)ﬁl (1, x) is the Legendre-type function introduced by P. HAUKKANEN [3]
which is a common generalization of a large number of Euler-type functions, and Theorem

4.1. reduces to Theorem 1 of [3]:

(4.6) oW )= psa ()@ /]2 /D). (@ /D),
deAg(n)

see also L. TOTH and P. HAUKKANEN [9)].

For F(n,a) = exp(2mi(miai+...+mya,)/n*) and fr(n) = 1 we obtain the generalization
of the Ramanujan sum, cf. P. HAUKKANEN [3].

Next we consider the following particular case of the functions gbgi)cl? (1, x) and P,g:“}(n, X)
defined by (4.2) and (4.3). Let g be an Ag-multiplicative function and denote

gan(n,a) = g((((a),n*) 4)1%).

gb(;j)é‘ P = Plgu) , where

Now for I’ = g4 1, we have fr = g and let (bgi)éx’k

JAk k.97 kng,k kg
(4.7) SS i, mx) = S (@), n*)an)h),
lgagxk
(((@),nF) 4 )/ Fes
(4.8) P x) = S g((((a),n*)an)/™).

1<a<xk

Here Pgliyg(n,x) is a generalization of the Pillai [6] function P(n) = "7 ;(i,n) which
is obtained for A= D,k =u = 1,21 =n and g(n) =n,n € N.

Function ¢gu34k ,(n,x) is a generalization of the Euler-type function qﬁf{ﬂ Ak(n,x) of
above which is obtained for S = {1} and for an arbitrary Ag-multiplicative function g.

From Theorems 4.1. and 4.2. we immediately have



Corollary 4.1 If S C N and A is a regular convolution, then
(4.9) ¢gfik7g = [15,4,9 ©A, P,Ef;;g-
Corollary 4.2 If S C N and A is a reqular convolution, then
(4.10) P =hoa, 65h 10
where h = g x4, (gps)~t. If S = {1}, then h = g.

From Corollary 4.2. we obtain

(4.11) Py (x)= > h(d)eih 4, (n/d,x/d).
dGAk (n)

We obtain the following Legendre-type evaluations for gbgul)% g (n,x) and PXZ’ g(n, x) given
by (4.7) and (4.8), respectively.

Theorem 4.3 If S C N, A is a reqular convolution, k,u,n € N, 1 < x € R" and g is an
Ap-multiplicative function, then

(4.12) 08 kg mx) = S (psg a, ) @D[(@1/d)][(x2/d)"]...[(2 /)],
deAk(n)
(4.13) P x) = 3 (gxa, pa) (@)@ /)] (w2/d)F]..[(zu/d)F).
deAg(n)

Proof. Combining (4.11) and (4.6) for S = {1} and using property (3.3) of the operation
o4 we obtain (4.13). Now (4.12) is a consequence of (4.9), (4.13) and of the fact that

LS,AL G %A, 9 = PsY, see (2.2).
The following direct proof shows that (4.13) is valid for an arbitrary arithmetical function

g:
Noting that g = g x4, f14, *a, I we can write

P nx)= 3 S (g%, pa)(d)

1<a<xk d€Ag(n)
dk|(a)

= Z (g*AkluAk)(d) Z 1

deAg(n) ISI?‘(S;
d¥|(a

= > (g*a, pa)(@[(x1/d)"][(x2/d)"]... [(wu/d)"],
deAg(n)
which is the desired result.

For other generalizations and properties of Pillai-type functions, including arithmetical
evaluations and asymptotic formulae we refer to [4] and [10].

A further interesting particular case is F'(n,a) = F'(a) depending only on a, where F' is
a completely multiplicative function of w variables (i.e. F(a1b1,agb,...,a,b,) = F(a)F(b)



for all a,b € N“). Then f(n) = F(n,n,...,n)*, which leads to another generalizations of
the Euler function. For example, if F'(a ) = Fs(a) = (a1az - - - ay)®, then

gb,(S'i,LI)LX,k,ES (’I’L, X) = gbgi)ﬁl,k,s(n? X) = Z (a1a2 s au)s,

lgagxk
(((a),n*) 4 )/ Fes

PIEE)(nvx)EPkEZ)(TL?X): Z (arag---ay)’.

1<a<xk

Special cases of gbgﬂ)‘lk E. (n,x) were investigated by several authors, for ex. H. DAVENPORT
[2]incase A=D,S={1},k=u=1,2=n.

Corollary 4.3 If F is a completely multiplicative function of u variables, then

kg = 154, () O es () 0, P

In particular,

1 1
¢E€34kF = s, F o, P;i),

¢Es*1,?4,ksn33 > psa(d d)d"™ o€t

deAg(n) e<(z/d)k
Foru=1,s =0,z =n" let qﬁk(glll 501 nk) = ¢g 4.k(n), where

(4.14) Gs,Ak = 15,4, *Ay, L.

Corollary 4.4 (s =1,z =nF) For every n € N,
k

) a= %(¢5,A,k(n) + ps(n)).

lﬁaﬁnk
((ank) 4 )1/ Fes

Proof. Applying Corollary 4.3.,

k nk nk
Z a = Z ,U,S,Ak(d)d ﬁ dk + 1

1<a<nk deAg(n)
((ank) 4 )1/ Fes

nk
( > psad + > ps,a( )22(¢5,A,k(n)+ps(n)),

deAy TL) deAy ’VL)
by (4.14) and (2.2).

For A= D,k =1 we reobtain Lemma 3 of [8].
For S = {1} let ¢41y 4,x(n) = ¢pak(n), the Euler-type function due to V. SITA RAMAIAH

[7]-
Corollary 4.5 (S = {1}) For everyn € N,n > 1,

K
Y a=" @;,k(n)‘

lgagnk
(a,nF) 4 =1



This is well-known in case A = D,k = 1. From Corollary 4.3 we obtain by similar
arguments:

Corollary 4.6 (s =2,z = nk) For every n € N,
2k 2k _1\w(n)
n n 1
> a’ = —¢gak(n) + —ps(n) + LQS“A k() T ™,
. 3 2 6
1<a<n P Hn
((a,nk) 4 p)/Fes

where t = t4, (p*) is the type of p* with respect to Ay,.

Corollary 4.7 (S = {1}) For everyn € N,n > 1,

2k _1\w(n)
Z =" ¢§,k(n) +( 1% dar(n H Ptk

1<a<nk pe Hn
((anF) 4 =1

This result is well known for A = D,k = 1. The next asymptotic formula is a general-
ization of a result due to H. DAVENPORT [2] in the case mentioned above.

Theorem 4.4 If S C N, A is an arbitrary regular convolution and s > 0, then

b5, (n)aFETD

nk(8_|_ 1) O(fS(n)l‘ks)a

¢g?4’k’s(n7 "'E) =

where fs(n) = Yaca,myl = 7a,(n) if S is multiplicative and fs(n) = 3 qe 4, (n) T4, (d)
otherwise.

Proof. Using the familiar estimate

>ont=

n<x

+1

 +O0@),

valid for s > 0 we obtain from Corollary 4.3.

b aks(mz)= Y d¥psa,(d) > €

deAg(n) e<(z/d)*

= % dusald) (5 @/ 1 0w/ )

dEAkUﬂ
k k
) DY s @/ 40 (Y Jusa, (@)
deAg(n) deAg(n)
n xk(s—&-l)
_ ¢S,A7k( ) +O(fs(n):cks),

nk(s+1)

using (4.14) and that |ug 4, (n)| < 1 if S is multiplicative and |pg a, (n)| < 74, (n) for an
arbitrary S C N, see Lemmas 1 and 2 of [9].
Our final formula is regarding the Pillai-type function (4.8).



Theorem 4.5 If A is an arbitrary regular convolution and g is an arbitrary arithmetical
function, then

P = Y gll(an)an) = LIy (g g, ea, D)),
1<a<zk

Proof. From (4.13) we obtain

Plma) = > (gxa, pa )@@/ = 3 (954, na)(@ ((@/d)F +0(1))

deAg(n) deAg(n)

=(z/n)" Y (9%a, uAk)(d)(n/d)kJrO( > llgxa, MAk)(d)l)

deAL(n) deAg(n)

and we use (4.14).
For different choices of g we obtain from Theorem 4.5 various formulae. We give here
only the following particular case.

Corollary 4.8 (g =7a4,k=1)

S rallanya) = Z 0 1 0(ran)),

1<a<lz n

where o4(n) = Y ge a(n) d-
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