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Abstract
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1 Introduction

Let N,R and C denote the sets of positive integers, real numbers and complex numbers,
respectively, and denote by A the set of arithmetical functions f : N → C. For u ∈ N∪{0}
let Fu be the set of functions of u + 1 variables F : N×Cu → C. The values of F will be
denoted by F (n,x), where x = 〈x1, ..., xu〉 ∈ Cu.

For f ∈ A and F ∈ Fu we introduce the operation ◦ by

(1.1) (f ◦ F )(n,x) =
∑

d|n
f(d)F (n/d,x/d),

where x/d = 〈x1/d, ..., xu/d〉.
For u = 0, F is an arithmetical function (F ∈ A ≡ F0) and operation (1.1) reduces to

the Dirichlet convolution ∗ given by

(1.2) (f ∗ F )(n) =
∑

d|n
f(d)F (n/d).

More generally, if A is a regular convolution of Narkiewicz-type [5], see section 2, we define
the operation ◦A by

(1.3) (f ◦A F )(n,x) =
∑

d∈A(n)

f(d)F (n/d,x/d),
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which is a generalization of the A-convolution.
Operation (1.3) and its particular case (1.1) seem not to have appeared in the literature.
We show that operation ◦A has properties analogous to the generalized convolution

(1.4) (f ◦ F )(x) =
∑

n≤x

f(n)F (x/n),

where x ∈ R, x ≥ 1, f ∈ A and F : [1,∞) → C is a function, see for ex. T. M. Apostol
[1], pp. 39-40.

Then, using these properties we investigate certain Euler-type functions and Pillai-type
functions and point out connections between them.

2 Regular convolutions

In this section we give the definition and some properties of the regular convolutions. Let
A(n) be a subset of the set D(n) of positive divisors of n for each n ∈ N. The A-convolution
of the functions f, g ∈ A is given by

(2.1) (f ∗A g)(n) =
∑

d∈A(n)

f(d)g(n/d).

W.Narkiewicz [5] defined the A-convolution (2.1) to be regular if
(a) A is a commutative ring with unity δ (where δ(1) = 1 and δ(n) = 0 for all n > 1)

with respect to ordinary addition and to ∗A,
(b) the A-convolution of multiplicative functions is multiplicative,
(c) the function I, defined by I(n) = 1 for all n ∈ N, has an inverse µA with respect to

∗A and µA(pa) ∈ {−1, 0} for every prime power pa(a ≥ 1).
It can be proved, see [5], that an A-convolution is regular if and only if
(i) A(mn) = {de : d ∈ A(m), e ∈ A(n)} for every m,n ∈ N, (m, n) = 1,
(ii) for every prime power pa(a ≥ 1) there exists a divisor t = tA(pa) of a, called the type

of pa with respect to A, such that A(pit) = {1, pt, p2t, ..., pit} for every i ∈ {0, 1, ..., a/t}.
For example, the Dirichlet convolution D, where D(n) is the set of all positive divisors

of n, and the unitary convolution U , where U(n) is the set of all unitary divisors of n (i.e.
divisors d of n with (d, n/d) = 1), are regular.

The nonzero function f ∈ A is said to be A-multiplicative if f(d)f(n/d) = f(n) for all
n, d ∈ N, d ∈ A(n). Note that the D-multiplicative and U -multiplicative functions are the
completely multiplicative and multiplicative functions, respectively. If f is A-multiplicative,
then f(g ∗A h) = fg ∗A fh for every g, h ∈ A and the inverse of f with respect to the A-
convolution is f−1 = µAf , cf. [11].

If S is an arbitrary subset of N, let ρS stand for its characteristic function. We say that
S is multiplicative if ρS is a multiplicative function. The generalized Möbius function µS,A

is defined by

(2.2) µS,A ∗A I = ρS .

For k ∈ N, let Ak(n) = {d ∈ N : dk ∈ A(nk)}. The Ak-convolution is regular whenever
the A-convolution is regular, see [7], Theorem 3.1. Let (a, b)A,k denote the largest k-th
power divisor of a which belongs to A(b). Note that (a, b)D,k ≡ (a, b)k is the greatest
common k-th power divisor of a and b.
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3 The operation ◦A

Let A be a regular convolution and consider the operation ◦A defined by (1.3).

Theorem 3.1 For every f, g ∈ A, F, G ∈ Fu,

(3.1) f ◦A (F + G) = f ◦A F + f ◦A G,

(3.2) (f + g) ◦A F = f ◦A F + g ◦A F,

(3.3) f ◦A (g ◦A F ) = (f ∗A g) ◦A F,

(3.4) δ ◦A F = F,

i.e. Fu is an A-module.

Proof. (3.1), (3.2) and (3.4) yield at once by the definitions. We prove (3.3): For every
n ∈ N,x ∈ Cu:

(f◦A(g◦AF ))(n,x) =
∑

d∈A(n)

f(d)(g◦AF )(n/d,x/d) =
∑

d∈A(n)

f(d)
∑

e∈A(n/d)

g(e)F (n/(de),x/(de)).

Denoting de = δ, where d ∈ A(n), e ∈ A(n/d) if and only if δ ∈ A(n), d ∈ A(δ), cf. [7],
Theorem 2.1, we have

(f ◦A (g ◦A F ))(n,x) =
∑

δ∈A(n)


 ∑

d∈A(δ)

f(d)g(δ/d)


 F (n/δ,x/δ)

=
∑

δ∈A(n)

(f ∗A g)(δ)F (n/δ,x/δ) = ((f ∗A g) ◦A F )(n,x).

The next inversion formulae follow by Theorem 3.1.

Theorem 3.2 (Inversion-formula) If f ∈ A, f(1) 6= 0 and F, G ∈ Fu, then the equation

F (n,x) =
∑

d∈A(n)

f(d)G(n/d,x/d)

implies
G(n,x) =

∑

d∈A(n)

f−1(d)F (n/d,x/d).

where f−1 is the inverse of f with respect to the A-convolution ∗A.

Proof. If F = f ◦A G, then f−1 ◦A F = f−1 ◦ (f ◦A G) = (f−1 ∗A f) ◦G = δ ◦A G = G
using Theorem 3.1.

Theorem 3.3 (Möbius-type inversion) If f ∈ A is A-multiplicative and F, G ∈ Fu, then
the equation

F (n,x) =
∑

d∈A(n)

f(d)G(n/d,x/d)

implies and is implied by

G(n,x) =
∑

d∈A(n)

µA(d)f(d)F (n/d,x/d).

Proof. Apply Theorem 3.2 and the fact that f−1 = µAf .
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4 Applications to certain Euler-type and Pillai-type func-
tions

Let A be a regular convolution, k, u ∈ N and let F : Nu+1 → C a function of u + 1
variables, whose values will be denoted by F (n,a), where a = 〈a1, a2, ..., au〉 ∈ Nu. Assume
that F (1,1) 6= 0, where 1 = 〈1, 1, ..., 1〉 ∈ Nu, and that there exists a function fF = f ∈ A
with the property

(4.1) F (n, dka) = f(d)F (n/d,a),

for every n, d ∈ N, d ∈ Ak(n) and a ∈ Nu, where dka = 〈dka1, d
ka2, ..., d

kau〉.
Remark. The function f satisfying (4.1) is Ak-multiplicative:

f(de) =
F (de, (de)ka)

F (1,a)
=

f(d)F (e, eka)
F (1,a)

=
f(d)f(e)F (1,a)

F (1,a)
= f(d)f(e)

for every d, e ∈ N, d ∈ Ak(de) and for a = 〈1, 1, ..., 1〉.
If x = 〈x1, x2, ..., xu〉,y = 〈y1, y2, ..., yu〉 ∈ Ru, we write x ≤ y for xi ≤ yi, i ∈

{1, 2, ..., u}. For an arbitrary subset S of N and for 1 ≤ x define the functions belong-
ing to Fu:

(4.2) φ
(u)
S,A,k,F (n,x) =

∑

1≤a≤xk

(((a),nk)A,k)1/k∈S

F (n,a),

where xk = 〈xk
1, x

k
2, ..., x

k
u〉 and (a) is the gcd (a1, a2, ..., au),

(4.3) P
(u)
k,F (n,x) =

∑

1≤a≤xk

F (n,a).

Theorem 4.1 If S ⊆ N, A is a regular convolution and F is defined by (4.1), then

(4.4) φ
(u)
S,A,k,F = µS,Ak

f ◦Ak
P

(u)
k,F .

Proof. Using that dk ∈ A((a, b)A,k) if and only if dk|a and dk ∈ A(b), see [7], Theorem
4.2, we have by (2.2),

φ
(u)
S,A,k,F (n,x) =

∑

1≤a≤xk

F (n,a)ρS((((a), nk)A,k)1/k)

=
∑

1≤a≤xk

F (n,a)
∑

dk∈A(nk)

dk|(a)

µS,Ak
(d)

=
∑

d∈Ak(n)

µS,Ak
(d)

∑

1≤a≤xk

dk|a1,dk|a2,...,dk|au

F (n,a),

where denoting ai = dkbi, i ∈ {1, 2, ..., u} we get

φ
(u)
S,A,k,F (n,x) =

∑

d∈Ak(n)

µS,Ak
(d)

∑

1≤b≤(x/d)k

F (n, dkb)
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=
∑

d∈Ak(n)

µS,Ak
(d)f(d)

∑

1≤b≤(x/d)k

F (n/d,b)

=
∑

d∈Ak(n)

µS,Ak
(d)f(d)P (u)

k,F (n/d,x/d)

= (µS,Ak
f ◦Ak

P
(u)
k,F )(n,x).

Theorem 4.2 If S ⊆ N, A is a regular convolution and F is defined by (4.1), then

(4.5) P
(u)
k,F = h ◦Ak

φ
(u)
S,A,k,F ,

where h = f ∗Ak
(fρS)−1. If S = {1}, then h = f .

Proof. Applying Theorem 3.3 we get from Theorem 4.1 relation (4.5) with h =
(µS,Ak

f)−1 which is, using (2.2), h = ((µAk
∗Ak

ρS)f)−1 = (µAk
f ∗Ak

ρSf)−1 = (µAk
f)−1∗Ak

(ρSf)−1 = f ∗Ak
(fρS)−1. If S = {1}, then ρS = δ and h = f .

If F (n,a) = 1 for every 〈n,a〉 ∈ Nu+1, then P
(u)
k,F (n,x) = [xk

1][x
k
2]...[x

k
u] and

φ
(u)
S,A,k,F (n,x) ≡ φ

(u)
S,A,k(n,x) is the Legendre-type function introduced by P. Haukkanen [3]

which is a common generalization of a large number of Euler-type functions, and Theorem
4.1. reduces to Theorem 1 of [3]:

(4.6) φ
(u)
S,A,k(n,x) =

∑

d∈Ak(n)

µS,Ak
(d)[(x1/d)k][(x2/d)k]...[(xu/d)k],

see also L. Tóth and P. Haukkanen [9].

For F (n,a) = exp(2πi(m1a1+...+muau)/nk) and fF (n) = 1 we obtain the generalization
of the Ramanujan sum, cf. P. Haukkanen [3].

Next we consider the following particular case of the functions φ
(u)
S,A,k,F (n,x) and P

(u)
k,F (n,x)

defined by (4.2) and (4.3). Let g be an Ak-multiplicative function and denote

gA,k(n,a) = g((((a), nk)A,k)1/k).

Now for F = gA,k, we have fF = g and let φ
(u)
S,A,k,gA,k

≡ φ
(u)
S,A,k,g, P

(u)
k,gA,k

≡ P
(u)
A,k,g, where

(4.7) φ
(u)
S,A,k,g(n,x) =

∑

1≤a≤xk

(((a),nk)A,k)1/k∈S

g((((a), nk)A,k)1/k),

(4.8) P
(u)
A,k,g(n,x) =

∑

1≤a≤xk

g((((a), nk)A,k)1/k).

Here P
(u)
A,k,g(n,x) is a generalization of the Pillai [6] function P (n) =

∑n
i=1(i, n) which

is obtained for A = D, k = u = 1, x1 = n and g(n) = n, n ∈ N.
Function φ

(u)
S,A,k,g(n,x) is a generalization of the Euler-type function φ

(u)
{1},A,k(n,x) of

above which is obtained for S = {1} and for an arbitrary Ak-multiplicative function g.
From Theorems 4.1. and 4.2. we immediately have
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Corollary 4.1 If S ⊆ N and A is a regular convolution, then

(4.9) φ
(u)
S,A,k,g = µS,Ak

g ◦Ak
P

(u)
A,k,g.

Corollary 4.2 If S ⊆ N and A is a regular convolution, then

(4.10) P
(u)
A,k,g = h ◦Ak

φ
(u)
S,A,k,g,

where h = g ∗Ak
(gρS)−1. If S = {1}, then h = g.

From Corollary 4.2. we obtain

(4.11) P
(u)
A,k,g(n,x) =

∑

d∈Ak(n)

h(d)φ(u)
S,A,k,g(n/d,x/d).

We obtain the following Legendre-type evaluations for φ
(u)
S,A,k,g(n,x) and P

(u)
A,k,g(n,x) given

by (4.7) and (4.8), respectively.

Theorem 4.3 If S ⊆ N, A is a regular convolution, k, u, n ∈ N,1 ≤ x ∈ Ru and g is an
Ak-multiplicative function, then

(4.12) φ
(u)
S,A,k,g(n,x) =

∑

d∈Ak(n)

(ρSg ∗Ak
µAk

)(d)[(x1/d)k][(x2/d)k]...[(xu/d)k],

(4.13) P
(u)
A,k,g(n,x) =

∑

d∈Ak(n)

(g ∗Ak
µAk

)(d)[(x1/d)k][(x2/d)k]...[(xu/d)k].

Proof. Combining (4.11) and (4.6) for S = {1} and using property (3.3) of the operation
◦A we obtain (4.13). Now (4.12) is a consequence of (4.9), (4.13) and of the fact that
µS,Ak

g ∗Ak
g = ρSg, see (2.2).

The following direct proof shows that (4.13) is valid for an arbitrary arithmetical function
g:

Noting that g = g ∗Ak
µAk

∗Ak
I we can write

P
(u)
A,k,g(n,x) =

∑

1≤a≤xk

∑
d∈Ak(n)

dk|(a)

(g ∗Ak
µAk

)(d)

=
∑

d∈Ak(n)

(g ∗Ak
µAk

)(d)
∑

1≤a≤xk

dk|(a)

1

=
∑

d∈Ak(n)

(g ∗Ak
µAk

)(d)[(x1/d)k][(x2/d)k]...[(xu/d)k],

which is the desired result.

For other generalizations and properties of Pillai-type functions, including arithmetical
evaluations and asymptotic formulae we refer to [4] and [10].

A further interesting particular case is F (n,a) = F (a) depending only on a, where F is
a completely multiplicative function of u variables (i.e. F (a1b1, a2b2, . . . , aubu) = F (a)F (b)
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for all a,b ∈ Nu). Then f(n) = F (n, n, . . . , n)k, which leads to another generalizations of
the Euler function. For example, if F (a) = Es(a) = (a1a2 · · · au)s, then

φ
(u)
S,A,k,Es

(n,x) ≡ φ
(u)
S,A,k,s(n,x) =

∑

1≤a≤xk

(((a),nk)A,k)1/k∈S

(a1a2 · · · au)s,

P
(u)
k,Es

(n,x) ≡ P
(u)
k,s (n,x) =

∑

1≤a≤xk

(a1a2 · · · au)s.

Special cases of φ
(u)
S,A,k,Es

(n, x) were investigated by several authors, for ex. H. Davenport
[2] in case A = D, S = {1}, k = u = 1, x = n.

Corollary 4.3 If F is a completely multiplicative function of u variables, then

φ
(u)
S,A,k,F = µS,Ak

F ((·), (·), . . . , (·))k ◦Ak
P

(u)
k,F .

In particular,
φ

(1)
S,A,k,F = µS,Ak

F k ◦Ak
P

(1)
k,F ,

φ
(1)
S,A,k,s(n, x) =

∑

d∈Ak(n)

µS,Ak
(d)dks

∑

e≤(x/d)k

es.

For u = 1, s = 0, x = nk let φ
(1)
S,A,k,0(n, nk) ≡ φS,A,k(n), where

(4.14) φS,A,k = µS,Ak
∗Ak

Ek.

Corollary 4.4 (s = 1, x = nk) For every n ∈ N,

∑

1≤a≤nk

((a,nk)A,k)1/k∈S

a =
nk

2
(φS,A,k(n) + ρS(n)).

Proof. Applying Corollary 4.3.,

∑

1≤a≤nk

((a,nk)A,k)1/k∈S

a =
∑

d∈Ak(n)

µS,Ak
(d)dk nk

2dk

(
nk

dk
+ 1

)

=
nk

2


 ∑

d∈Ak(n)

µS,Ak
(d)

nk

dk
+

∑

d∈Ak(n)

µS,Ak
(d)


 =

nk

2
(φS,A,k(n) + ρS(n)),

by (4.14) and (2.2).

For A = D, k = 1 we reobtain Lemma 3 of [8].
For S = {1} let φ{1},A,k(n) ≡ φA,k(n), the Euler-type function due to V. Sita Ramaiah

[7].

Corollary 4.5 (S = {1}) For every n ∈ N, n > 1,

∑

1≤a≤nk

(a,nk)A,k=1

a =
nkφA,k(n)

2
.
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This is well-known in case A = D, k = 1. From Corollary 4.3 we obtain by similar
arguments:

Corollary 4.6 (s = 2, x = nk) For every n ∈ N,

∑

1≤a≤nk

((a,nk)A,k)1/k∈S

a2 =
n2k

3
φS,A,k(n) +

n2k

2
ρS(n) +

(−1)ω(n)

6
φS,A,k(n)

∏

pa||n
ptk,

where t = tAk
(pa) is the type of pa with respect to Ak.

Corollary 4.7 (S = {1}) For every n ∈ N, n > 1,

∑

1≤a≤nk

((a,nk)A,k=1

a2 =
n2kφA,k(n)

3
+

(−1)ω(n)

6
φA,k(n)

∏

pa||n
ptk.

This result is well known for A = D, k = 1. The next asymptotic formula is a general-
ization of a result due to H. Davenport [2] in the case mentioned above.

Theorem 4.4 If S ⊆ N, A is an arbitrary regular convolution and s ≥ 0, then

φ
(1)
S,A,k,s(n, x) =

φS,A,k(n)xk(s+1)

nk(s + 1)
+ O(fS(n)xks),

where fS(n) =
∑

d∈Ak(n) 1 ≡ τAk
(n) if S is multiplicative and fS(n) =

∑
d∈Ak(n) τAk

(d)
otherwise.

Proof. Using the familiar estimate

∑

n≤x

ns =
xs+1

s + 1
+ O(xs),

valid for s ≥ 0 we obtain from Corollary 4.3.

φS,A,k,s(n, x) =
∑

d∈Ak(n)

dksµS,Ak
(d)

∑

e≤(x/d)k

es

=
∑

d∈Ak(n)

dksµS,Ak
(d)

(
1

s + 1
(x/d)k(s+1) + O((x/d)ks)

)

=
xk(s+1)

s + 1

∑

d∈Ak(n)

µS,Ak
(d)/dk + O


xks

∑

d∈Ak(n)

|µS,Ak
(d)|




=
φS,A,k(n)xk(s+1)

nk(s + 1)
+ O(fS(n)xks),

using (4.14) and that |µS,Ak
(n)| ≤ 1 if S is multiplicative and |µS,Ak

(n)| ≤ τAk
(n) for an

arbitrary S ⊆ N, see Lemmas 1 and 2 of [9].
Our final formula is regarding the Pillai-type function (4.8).
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Theorem 4.5 If A is an arbitrary regular convolution and g is an arbitrary arithmetical
function, then

P
(1)
k,g (n, x) ≡

∑

1≤a≤xk

g(((a, nk)A,k)1/k) =
(g ∗Ak

φA,k)(n)
nk

xk + O((|g ∗Ak
µAk

| ∗Ak
I)(n)).

Proof. From (4.13) we obtain

P
(1)
A,k,g(n, x) =

∑

d∈Ak(n)

(g ∗Ak
µAk

)(d)[(x/d)k] =
∑

d∈Ak(n)

(g ∗Ak
µAk

)(d)
(
(x/d)k + O(1)

)

= (x/n)k
∑

d∈Ak(n)

(g ∗Ak
µAk

)(d)(n/d)k + O


 ∑

d∈Ak(n)

|(g ∗Ak
µAk

)(d)|



and we use (4.14).
For different choices of g we obtain from Theorem 4.5 various formulae. We give here

only the following particular case.

Corollary 4.8 (g = τA, k = 1)

∑

1≤a≤x

τA((a, n)A) =
σA(n)

n
x + O(τA(n)),

where σA(n) =
∑

d∈A(n) d.
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