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Abstract. P. Kesava Menon’s generalization ¢, (n) of Euler’s ¢-function is defined as
the number of integers = (mod n) such that (f(z),n) =1, where f is a polynomial with
integral coefficients. In this paper we define a generalization of Euler’s ¢-function, which
combines ¢ f(n) and a large number of other generalizations of Euler’s ¢-function. We give
an arithmetical evaluation and an asymptotic formula for our new generalization of Euler’s
¢-function.
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1. INTRODUCTION

The Euler function ¢(n) is defined as the number of integers x (modn) such that
(z,n) = 1. The well-known Jordan function J,(n) is a generalized Euler function defined
as the number of ordered u-tuples (z,,,,...,z,) (modn) such that ((z;),n) =1, where

E. Cohen [5], [6] defines the generalized

Euler function ¢, (n) as the number of integers = (modn*) such that (z,n*), =1, where

(xj) = (2y,,,...,x,), the gcd of z,2,,...,2,.
(a,b), denotes the greatest common k-th power divisor of a and b. For an arbitrary set S
of positive integers E. Cohen [7] defines the generalized Euler function ¢4(n) as the number
of integers x (modn) such that (x,n) € S. P. J. McCarthy [12] involves Narkiewicz’s [14]
convolution in generalized Euler functions.

In [9] the second author of the present paper combines the above generalizations of
Euler’s function.

The following generalization of ¢(n) is due to P. Kesava Menon [11], see also H. Stevens
[17] and J. Chidambaraswamy [2], [3]. For a polynomial f with integral coefficients let
¢¢(n) be the number of integers = (modn) such that (f(z),n) = 1. P. G. Garcia and
S. Ligh [8] introduce another generalization of ¢(n), namely for an arithmetic progression
D(s,d,n) = {s,s +d,s+2d,...,s + (n — 1)d}, where (s,d) =1, let ¢(s,d,n) denote the
number of elements x in D(s,d,n) such that (x,n) = 1. Observe that ¢(s,d,n) is a special
case of the function ¢,(n) for f(z) =s+ (z —1)d.
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In this paper we combine the generalization of [9] and the function ¢,(n) as follows.

Let A be a mapping from the set N of positive integers to the set of subsets of N
such that for each n € N, A(n) consists entirely of divisors of n. The A-convolution of
arithmetical functions f and g is defined as

(f *4 9)( Z f(d)g(n/d).
deA(n)

W. Narkiewicz [14] defined an A-convolution to be regular if

(a) the set of arithmetical functions is a commutative ring with unity with respect to
ordinary addition and the A-convolution,

(b) the A-convolution of multiplicative functions is multiplicative,

(c) the function E, defined by E(n) =1 for all n € N, has an inverse p, with respect
to the A-convolution and u(p®) € {—1,0} for every prime power p®.

In this paper we consider regular A-convolutions, see also [13, Chapter 4], [16]. For
example, the Dirichlet convolution D, where D(n) = {d € N : d|n}, and the unitary
convolution U, where U(n) ={d € N :d|n, (d,n/d) = 1}, are regular.

For ke N, let A, (n) ={d e N :dF € A(n*)}. It is well-known that the A, -convolution
is regular whenever the A-convolution is regular. The symbol (a,b) A, denotes the largest
k-th power divisor of a which belongs to A(b). Note that (a,b)p, , = (a,b),,.

Now let n = (n;,n,,...,n,) be an ordered u-tuple of positive integers and let £ be a
positive integer. We say that the u-tuples (z,,,,...,x,) and (y;,9s,,...,y,) are congru-
ent (modn”) if z, = y, (modn}) for every i = 1,2,...,u. Let F = {f, f5,..., f,} be
a set of polynomials with integral coefficients, S be an arbitrary set of positive integers,
A be a regular convolution and n|(nq,n,,...,n,). We define the generalized Euler func-
tion ¢ g 4,(n,n) as the number of incongruent u-tuples (z,z,,...,z,) (modn*) such
that (((f; (xj)),nk)A,k)l/k € S. We give an arithmetical evaluation and an asymptotic
formula for our new generalization of Euler’s function. In the asymptotic formula we con-
fine ourselves to a special case of Narkiewicz’s regular convolution, called cross-convolution,
including the Dirichlet convolution and the unitary convolution. The method we use here is
elementary, it is described in detail and applied for various types of arithmetical functions
in [21] and [22].

For special cases of our results we refer to the papers given in the bibliography and to

the book of P. J. McCarthy [13].

2. PRELIMINARIES

If A is a regular convolution, then for every prime power p%(a > 1) there exists a
positive integer ¢ = t,(p®), called the type of p® with respect to A, such that A(p*) =
{1,pt,p2t,...,pst}, st = a and pt € A(p?t),p?t € A(p3t),...,pts—Vt € A(p?).

A positive integer n is said to be A-primitive if A(n) = {1,n}.It follows that the
Mébius-type function 1, is multiplicative and for all prime powers p®(a > 1),

—1, if p* is A-primitive (i.e. t,(p*) = a),

(1) pa(p*) = {

0, otherwise.
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Let S be a subset of N and let pg denote the characteristic function of the set S, that
is pg(n) =11 n €S, and pg(n) =0 if n ¢ S. The generalized Mébius function pug 4 is
defined by

(2) Hs A x4 B = pg,

where E(n) =1 for all n € N. If S = {1}, then pg , = p,, and if A= D, then p, = p,
the classical Mobius function. For further special cases of ug 4 we refer to [9].

We say that S is multiplicative if its characteristic function pg is multiplicative, i.e.
1 €S and mn € S if, and only if, m € S,n € S for every m,n € N with (m,n) = 1.

Lemma 1. The function pg 4 is multiplicative if and only if S is multiplicative, and
in this case

“S,A(n) = H (Ps(pa) - Ps(pa_t)) )

plIn
for every n € N, where t =t ,(p*) is the type of p* with respect to A and p®||n means
pn and p®*tt fn. If S is multiplicative, then uS,A(n) € {-1,0,1} for every n € N.

Proof. This is an immediately consequence of (2) and (1).

Remark 1. In particular, if S is multiplicative, then

psp(m) = T[ (es®*) = ps(®*™)),

p*||n

Nsy(n) = H (ps(P*) — 1),

p*lln
for every n € N.
Lemma 2. For every subset S and for every reqular convolution A we have |ug 4(n)| <

7(n) for every n € N, where T7(n) stands for the number of divisors of n, and pg 4(n
O(n?) for every € > 0.

Proof. By (2) and by Mobius inversion

s Al =1 Y ps@uan/d< Y lpa(n/d)|=2°" < 1(n) = O(nf)

deA(n) deA(n)

for every € > 0, where w(n) denotes the number of distinct prime factors of n.

3. ARITHMETICAL EVALUATIONS

For a polynomial f with integral coefficients let N f (n) denote the number of incongruent
solutions (modn) of the congruence f(x) =0 (modn). It is well-known that the function
N, is multiplicative. Define the function Ny by Np(n) = N, (n)N, (n)...N; (n) for each

n € N. It follows that the function N is multiplicative.
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Theorem 1. For every F,S, A, k,n and n with n|(n1,n2,...,nu) we have

¢F,S,A,k(n=n) n 1Ny Z ILLSA kuNF(ek).
e€Ar(n)
Proof. By the definition of ¢ ¢ 4 ,(n,n), by (2) and using that d* € A((a,b), ) if and
only if d¥|a and d* € A(b), see [16,Theorem 4.2], we get

¢F,S,A,k(n»”): Z Z Z pS(((fj(xj>7nk)A,k)1/k)

z1(modn¥) zo(modnk)  z,(modnk)

o SNED SEED DR DR TNC

z1(modn®) zo(modnk)  z.(modnk) eGAk(n)

Z fs.a,(€) Z Z Z 1.

e€Ai(n) x1(modn®) x5 (modnf)  z,(modn¥)

ek|f1($1) 6k|f2($2) ek‘fu(xu)
Here for each i = 1,2,...,u the number of incongruent solutions (mod n¥) of the con-
gruence f,(z) =0 (mod e*)is N (e¥)(n;/e)*. Thus

Orsanmn) = D pga, ()N (€¥)(n/e)* Ny, () (ny/e)* . Ny (€¥)(n, /e)",

e€A(n)

which completes the proof.

Theorem 2. If S is multiplicative, then
a/t
¢F,S7A7k(n7 n) = (nyny...n,,) H (1+ Z ps(p Zt (z_l)t))p_ZtkuNF@Ztk))v
p®|In

where t =1, (p*) is the type of p* with respect to A, .
Proof. Theorem 2 is a direct consequence of Theorem 1 and Lemma 1.

Corollary 1. If S = {1}, then

Ppsarmn)= (n,ny...n,,)" H (1 — N (p*)p=thw),

p*[ln
where t =1, (p*).

If f(z)=s,+(x—1)dF, i =1,2,...,u, then let Prs.a, () = ngS’A’k(s?d?n,n), which
is the number of ordered u-tuples (x,,z,,...,z,) in D (s,d,n) such that
(((z;),n*) 4 )/ € S, where Dy (s,d,n) = D, (sy,d;,n;) X Dy (59,dy,n5) X ..
xD, (s,,d,,n,) and D, (s;,d;,n;) = {s;,s; +d¥, s, +2d¥ ...;s, + (nkF — 1)dF}.
This function is a direct generalization of the function ¢(s,d,n) of P. G. Garcia and S.
Ligh [8] and of the functions investigated by the first author of the present paper in [20].
Taking into account that in this case Ny (n) = (d¥,n) if (d¥,n)|s, and Ng(n) =0

otherwise, from Theorem 1 we get the following
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Corollary 2. For every S, A, k,s,d,n and n with n|(n,,ny,...,n,) we have
¢S,A,k(s7d7n7n) = (nlnz'”nu)k Z :UJS,Ak (e)e_ku(e’dl)k(e’dQ)k"'(e7du)k'
e€Ar(n)
(e,di)"s;
1=1,2,...,u

Corollary 3. If (s,,d¥), =1, i=1,2,...,u, then

(bsyA’k(s,d,n,n) (nqng... Z Mg Ak _ku-
eeAk(n)
(e,di )
1=1,2,.

Proof. Since (s;,d¥), =1, we have (e,d,)*|s, if and only if (e,d;) =1

1’1,

Corollary 4. If S = {1} and (s,,d¥), =1, i=1,2,...,u, then

[t}

QSS,A,]C(S? d7 n, n) = (nlnz...nu)k H (1 _ p*tku)7
ptEAL(n)
pld

where d = d,d,...d, and the product is over the A, -primitive prime powers p' such that

pt € A (n) and p [d.
Remark 2. Tt should be noted that we do not need the assumption (s;,d¥), , 1=

Rat'?
1,2, ...,u, in defining the function ¢4 , ,(s,d,n,n). This kind of assumption is made in the
previous arithmetical evaluations of ééneralized Euler functions in arihmetic progressions,
see [8], [20].
Now for an arbitrary set F' of polynomials and for n;, = n, = ... = n, = n, let
bp,s,a6M1) = Opg 4 ,(n).

Theorem 3. If S is multiplicative, then the arithmetical function ¢F’S’A7k(n) 15 multi-
plicative.

Proof. 1t has been noted that Np.(n) is multiplicative. If S is multiplicative, then pg 4
is also multiplicative by Lemma 1. Hence, according to Theorem 1, ¢ 4 (1) is the
A, -convolution of two multiplicative functions and it is multiplicative too.

4. ASYMPTOTIC FORMULAE

We need the following well-known estimates.

Lemma 3.

(3) Y n=0@E""), 0<s<l,
_ . 0O(1), s>1,

@ T;Jn B { O(logz), s=1,

(5) Y n =0, s>1.



Lemma 4. (see [19, Lemma 5 and Lemma 8|)
O(z'=%logr), 0<s<1,

(6) Z (n) =< O(log?z), s=1,
ST o), s>1,
O(z'=slog3x), 0<s<1,

(
(7) Z (n) =< O(log*z), s=1,
(

=
n=r O(1), s>1,
(8) Z 7-7(]7:) = O(x'"*logz), s>1
n>x

Lemma 5. (see [1, Lemma 2.3]) If s > 0 and a € N, then

xs—i—l

Z n® = s—|—1) + O(z°7(a)).

n<x
(n,a)=1

Let f be a nonconstant polynomial with integral coefficients. If its decomposition into

irreducible factors is f = cgi'gy®...gm , then define h(f) = max, ;. 7;.

Lemma 6. For every set F' of nonconstant polynomials and for every € > 0 we have
Np(n) = O(n"="**),

where h = 1/h(f,) +1/h(fy) + ...+ 1/h(f,)-

Proof. According to a result of R. Sitaramachandrarao and P. V. Krishnaiah [15, Lemma
3], Ny (n) < C’f(n)nl—l/di for every n € N, where d; is the degree of f, and C;, > 0 are
constants. Observe that this result remains valid if we have h(f;) instead of d,. Now using
the familiar relation C;° m = O(n¢) for each € > 0 and the definition of N (n) we get the

desired result.

Lemma 7. For every set F of nonconstant polynomaials, every subset S of N, every

regular convolution A and every k,u € N we have

> lis ale)|Np(e®

e<x

Jekute/2 _ 0(1), if kh >1 and 0 <e < kh—1,
O(x'=khte)  if kh <1 and 0 < & < kh,

Z |MS,A(€)‘NF(€k)€_ku_1 = Oz, if e < kh.
e>x

Proof. By Lemmas 2 and 6 we have for every ¢ > 0

(9) 15, 4(€) [N (e¥) = O(ermMte/2),
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Z |#S7A(e)‘NF(ek)e—ku+s/2 — O(Z e—kh—!—s)'
ez ez
For kh > 1 and ¢ < kh — 1 we get —kh + ¢ < —1 and we use (4). For kh < 1 and
0 <& < kh we have —1 < —kh 4+ ¢ < 0 and we use (3).
By (9) we have with ¢ instead of £/2

Z g 4(€)|Np(eF)e =t = O(Z e khmite),

e>x e>x
where —kh — 1+ ¢ < —1 and applying (5) we get the second estimate.

Let A be a regular convolution such that A = A, for every £ € N. Then for every
prime p we have either A(p*) = {1,p,p?,...,p*} = D(p®) or A(p*) = {1,p*} = U(p*) for
every a € N, see [16, Theorem 3.3]. We say that A is a cross-convolution. Let P and Q
be the set of the primes of the first and second kind of above, respectively. For Q = () we
have the Dirichlet convolution D and for P = () we obtain the unitary convolution U .

Furthermore let (P) = {1} U{n € N : each prime factor of n belongs to P}, (Q) =
{1} U {n € N : each prime factor of n belongs to @ }. It is clear that every n € N can be
written uniquely in the form n = npng, where np € (P),ng € (Q) and (np,ng) =1. In
this case A(n) = {d:d|n,(d,n/d) € (P)} for every n € N.

Lemma 8. If s >0 and a € N, then
Cb(aQ)xSH
f=———— 4+ 0V
> =y o),

n<x
(n,a)e(P)

where V(x) =z or x57(a), according as Q is finite or @Q is infinite, respectively.

Proof. Observe that (n,a) € (P) if, and only if, (n,v(ay)) = 1, where y(m) denotes
the product of distinct prime factors of m. Hence

T > p(v(ag))zst?

n® = nS:—+Om57—7a ,
n<r n<r v(ag)(s+1) @riee))
(n,a)€(P) (ny(ag))=1

by Lemma 5. Here ¢(’Y(CLQ))/’Y(GQ) = gb(aQ)/aQ and if @) is finite, then T(’y(aQ)) <
(I eqP) = C, a constant, which completes the proof.

Remark 3. We have V(z) = O(x%a®) for every ) and for every € > 0.

Lemma 9. For every set F' of nonconstant polynomials, every reqular A, every S and
every k,u € N the series

i MS,A(”)NF (n"“)gzﬁ(nQ)

ku+1
n TLQ

is absolutely convergent. Let op g 4 denote its sum. If A is a cross-convolution and S is
multiplicative, then

Ap s Ak —



e 0y _ -1V N . (plk 1 > )N (p'*
OSSO R AT AR ST AN

peEP =1 PeEQ

Proof. The absolute convergence of the series follows at once by Lemmas 2 and 6: the
general term is

O(nku—kh+s/nku+l) — O(l/n1+kh_6),

and we choose € < kh.
If S is multiplicative, then the general term is multiplicative and the series can be
expanded into an infinite product of Euler-type:

N (plk I
apsar=]]( 1+Z“SA<P) (™) ((p )Q))

l(ku+1
. — (kut1) (ph) g
=L pig p(PH)Np(p™*) > g, (PN (PF) o (ph)
- H (1+ Z pl(ku+1) ) H (1+ Z pl(ku+1) )
pEP =1 peEQ I=1
-1 Ik
/?s p ))NF( Ps 1)Np(p'*) 1
B H 1+ Z l(ku—|—1) H 1+ Z l(ku+1) (1 - ];))7
peP PER =1

by Remark 1.

Remark 4. If S = {1} and A is a cross-convolution, then

o0

k lk
arsan= [J0- SR TTa-a- 0y Jel)

peEP PEQ p =1

Theorem 4. For every set F of nonconstant polynomials, every cross-convolution A,
every S and every k € N we have

Op s Ak ku
Z ¢F,S,A,k(n) = M—ka g O(R(x)),

n<x

where ap g 4, is defined in Lemma 9 and R(x) = zk* or xFu—Fhtetl qecording as kh > 1
or kh <1, respectively, for every 0 < e < kh.

Proof. Using Theorem 1 with n; = n, = ... = n, = n, Lemma 8 and Remark 3 we get
for every € > 0

ZCbFSAk Z Z HSA k)rku:ZluS,A(e)NF(ek) Z i

n<x < e<z r<z/e
(e,r)E(P) (r,e)e(P)

e )(x/e)kutl
= 3 s (L 0o )

e<x

phu+l Z MS’A(ee)NF(ek)¢(eQ) n O(:Eku Z ’N57A(€)|NF<6’€))

= ku 1 eku—l—l ku—e/2
T e<zx Q e<zx €



k
_ YRS Ak jut ka1 N [P, (€)[Np(eF) kX 15,4 ()| Np(e¥)
o ku+1 r +0(z Z eku+1 ) +0(z Z eku—e/2 )-

e>x e<x
Here the first O-term is O(zkutlge—kh) = O(gku—Fkhtetl) for ¢ < kh and the second
O-term is O(x**) for kh > 1 and € < kh — 1 and it is O(zkvgl=Fhte) = O(ghu—Fkhtetl)
for kh <1 and e < kh, by Lemma 7, which proves the theorem.

Corollary 5. For every set F of nonconstant polynomials, every cross-convolution A,
every S and every k the average order of the function ¢p g 4 . (N) is Ap g 4 xR
For ny =n,=..=n,=nlet ¢g , (s,d,n,n) = pg 4 ,(s,d,n).

Corollary 6. If (s;,d¥), =1 for i =1,2,..,u and A is a cross-convolution, then the

Rt}

average order of the function qﬁS’A’k(s,d,n) is aS’A’k(s,d)nk“, where

> Ns,A(n)Cb(nQ)
aS’Avk<S’d) - Z nkutly ’
n=1 Q
(n,d)=1

d=dd,...d,. If in addition S is multiplicative, then

-1 1 e
aSAk(S d) H (1 "‘Z ps(? l(ku—l—l) )) H _5 z_: l(ku+1)

peP PeEQ
pld pld

1, if (n,d)=1fori=1,2,...,u
Proof. In this case N (n*) = and we use Lemma
0, otherwise

Remark 5. If S is multiplicative and A = D, then

Cg(ku+1)
G+ 1) Mg y(ku +1)°

s Dk (Sa d) =

where ¢ is the Riemann zeta-function, (g(z) = >°77, pg(n)n== (see [7]) and Mg ,(2) =

[ a1+ 2272 ns(@)p2).
If S={1} and A= D, then

dku—|—1
C(ku + 1)¢kzu+1(d) '

a{l},D,kz(Svd) =
If S={1} and A=U, then
p—1
apyop(sd) =110 - ———)
pld
where the product is over all primes with p fd.

Remark 6. The remainder term of the above asymptotic formula can be improved if we
have more information on F', S and A, see [4], [10], [18], [20], [23].

As an example we prove
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Theorem 5. If (s,,d¥), =1 and A is a cross-convolution, then

aSAk<S d) ku
§¢5Ak s,d,n = T hur1 ¢ 1+ 0(T(x)),
where T(x) = x4 (ku > 1),zlog?x(ku = 1, Q is finite), zlog*z(ku = 1, @ is infinite).
If ku = 1 and S is multiplicative, then the error term can be improved into T(x) =

xlogz(Q is finite), xlog?x(Q is infinite).
Proof. By Corollary 3 and Lemma 8 we get

Z¢SAde” Z ps ale Z rk

n<z e<zx r<z/e
(e,d)=1 (re)e(P)
dleg)(z/e)r+!
ts,a(€) +0(V(z/e))
;} 5,4 < eQ(k:u +1)
(e,d)=1
rkutl ILLS’A(
T ku+1 Z o eku+1 Z g, a(€)V(z/e))
e<x Q e<x
(e,d)=1
ku—i—l u ‘MSA
ku+1aSAk(s d) + O( k+1z Tokutl )+ O Z\MSA )V (z/e)),
e>x e<x

where the first O-term is O(xFuF1y" _ 71(e)e=kv=1) = O(abutlz—kulogr) = O(xlogz),
by Lemma 2 and (8). If S is multiplicative,then it is O(x), by Lemma 1 and (5). If @ is
finite, the second O-term is

O(Z |IUS,A(€ (z/e)") = kuz ’“SA

ez ez
O(zku )’ o, m(e)e ) = O(xkv)  for ku > 1,
=4 O(z Ze<x . 9) = O(zlogx) for ku =1,
O(x Ze<z 2) = O(zlogx) for ku = 1 and S multiplicative,

by Lemmas 1 and 2, by (4) and (6).
If @ is infinite the second O-term is

stA )I(a/e) T<e>>:0<xkuzmsﬂ4§#>

Oz 3 <, Tek(f)) O(xkw)  for ku > 1,
={ 0@, o, 7)) = O(alog'z) for ku =1,

e

O3 <, )y = O(zlog?x)  for ku =1 and S multiplicative,

e

by Lemmas 1 and 2, by (6) and (7).

Remark 7. For k=1, ={1},A=D and k=1,5 = {1}, A= U this result was found

by the first author [20, Theorem 2.4, Theorem 4.4].
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