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Abstract

Let P be an arbitrary set of positive primes and let k, m,d,n be positive integers.
We say that d is a P — k-ary divisor of m if d|m and each prime factor of (d,m/d)y
belongs to P, where (a, b);, denotes the greatest common k-th power divisor of a and b.
We establish asymptotic formulae for the sum of s-th powers (s real and s > 1) and for
the number of P — k-ary divisors of m which are prime to n.

1 Introduction

Let P denote the set of the positive primes, let P be an arbitrary subset of P and @ be
its complementary set. Denote by (P) and (Q) the multiplicative semigroups generated by
{1}UP and {1}UQ, respectively. Every m € N, N denoting the set of positive integers, can
be written uniquely in the form m = mpmg, where mp € (P),mq € (Q), (mp,mg) = 1.
For k,m,d € N we say that d is a P — k-ary divisor of m if d/m and (d,m/d);, € (P), i.e.
each prime factor of (d,m/d); belongs to P, where (a,b); stands for the greatest common
k-th power divisor of a and b.

Furthermore, if n € N and s € R, R denoting the set of real numbers, let opy s(m,n)
denote the sum of s-th powers of P — k-ary divisors of m which are prime to n. For n =1,
opk,s(m,1) = opy s(m) is the sum of s-th powers of all P — k-ary divisors of m. For s =0,
opko(m,n) = tpr(m,n) is the number of P — k-ary divisors of m which are prime to n and
Tpk(m, 1) = Tpr(m) is the number of all P — k-ary divisors of m.

Observe that for P = P and Q = (), d is a P — k-ary divisor of m if d is a usually divisor
of m, op . s(m,n) = os(m,n) and op i s(m) = o5(m) are the sum of s-th powers of divisors
of m which are prime to n and the sum of s-th powers of all divisors of m, respectively, for
every k € N. Let og(m,n) = 7(m,n) and 7(m,1) = 7(m).

If P={ and Q = P, then d is an () — k-ary divisor of m if d|m and (d,m/d); = 1,
i.e. dis a k-ary divisor of m, and we obtain the functions oy s(m,n) = o (m,n) and
0 k,s(Mm) = 0} ((m) representing the sum of s-th powers of k-ary divisors of m which are
prime to n and the sum of s-th powers of all k-ary divisors of m, respectively, investigated
by J. CHIDAMBARASWAMY [2], D.SURYANARAYANA [13], D.SURYANARAYANA and V. S1vA
RAMA PRASAD [14].



The functions o}, o(m,n) = 7;(m,n) and 75 (m, 1) = 77;(m) were studied by D. SURYA-
NARAYANA [11], D.SURYANARAYANA and V. SivA RAMA PRASAD [15] and others. For
k = 1 we reobtain the notion of the unitary divisor of m and o} ;(m) = o (m) is the sum of
s-th powers of the unitary divisors of m, o§(m) = 7*(m) is the number of unitary divisors
of m, cf. E. COHEN [3], [4].

Among many other special cases we mention only the following one. For k£ = 1 and
for an arbitrary P C P we obtain that d is a P-unitary divisor of m if d|m and the ged
(d,m/d) € (P), i.e. dis an A-divisor of m, where A = (P, () is a cross-convolution, intro-
duced by us in [16], [17]. Note that the cross-convolution is a special case of Narkiewicz’s
regular convolution, cf. [7], [6]. Let op1s(m,n) = o4 s(m,n),04s(m,1) = 04(m) and
opio(m) =71a(m,n), 7a(m,1) = 74(m).

Arithmetical functions defined by cross-convolutions, including o 4 s(m) and 74(m), were
investigated by us in [16], [17].

In this paper we establish asymptotic formulae for the summatory functions

Z os(m,n), Z opks(m,n), Z T(m,n), Z TPk (m,n),

(m,u)=1 (m,u)=1 (m,u)=1 (m,u)=1

where s > 1 and v € N, which generalize and unify many known results, and obtain
as particular cases asymptotic formulae for the functions discussed above. Our method
is elementary and it applies an asymptotic estimate of B. GORDON and K. ROGERS [5]
regarding the divisor function 7(m).

2 Preliminaries

First we prove the following lemma.

Lemma 2.1 For every P C P and for every k,n € N,s € R the function opy s(m,n) is
multiplicative in m.

Proof. Let K(m,d) be a function of two variables defined on the set {(m,d) € N x N :
dlm}. The K-convolution of the arithmetical functions f and g is given by

(f *k g)(m) =>_ K(m,d)f(d)g(m/d).
dlm
It is known, see [6], Chapter 4, that the K-convolution of two multiplicative arithmetical
functions is multiplicative if and only if

K(mimg,dids) = K(mq,d1)K(ma2,dz)

for every mi,mg,d1,ds € N such that (my,mq) = 1,d;1|m1, da|me.
Now, let
_ L, if (d7 m/d)k € (P)7
K(m,d) = {O, otherwise,

I(m) = {1, if (m,n) =1,

0, otherwise,

where I,,(m) is (completely) multiplicative in m and we have

op,s(m,n) ZKmd d)d’.



Therefore it is sufficient to prove that for every my,mg,dy,d2 € N with (mq,mg) = 1 and
dy|my, da|mso one has

(d1d2,) € (P) if and only if <d1,ml> € (P) and <d2,m?> e(P). (2.1)
dldg k dl k d2 k

ma
d dy, — =1
(( 17d1)7<27d2>> ’
mimsg mi ma
did = |dy, — do, ——
(12’ didy )k <1’ d1>k<2’d2>k~7

and this implies (2.1). O

Lemma 2.2 For every P C P k,n € N,s € R and for m = [[i_; p{" > 1 we have

s(a;+1) s(a;+1) ks s(a—k+1)
p; —1 p; —1 (pi* — 1) (p; +1)
O_P,k,s(mv ’I’L) = ’ (22)
Hp pi—1 HQ pi—1 HQ pi—1
pi In azz¢< J/;Lk aiiz J/gk

where s # 0 and for s =0,
mee(m,n) = [[ (@ +1) [ (@+1) [] 2k). (2.3)

p;,EP P, EQ P, €EQ
p; fn P in p; In
a; <2k a; >2k

Proof. By Lemma 2.1 it is sufficient to determine opj, s(p®, n) for every prime power

p®. If pln, then opy s(p®,n) = 1 for each a,n € N. Now let p fn. If p € P, then
opks(p®n) = 1+ p° + p* + ... + p* which is ps(;:% for s # 0 and it is a + 1 for

s =0. If p e Q and a < 2k, then for every d|p® we have (d,p*/d);, = 1 € (P), hence
opks(p?,n) =1+ p® +p** + ...+ p®. Finally, for p € Q and a > 2k we have to consider
the divisors p® of p® such that (p® p®~?)r = 1, which holds for b < k and for b > a — k,

consequently opps(p?,n) = 1+ p*+ ...+ p*E=D ppsla=ht 4 4 pos — (P =) (e F D +1)

ps—1
for s # 0 and it is 2k for s = 0. O
Remark. Observe that for each P and for each k,m,n € N,s € R,
opks(m,n) = o(mp,n)oy (mq,n),
opk,s(m) = os(mp)oy, (mq)-
Lemma 2.3 For every P C P and for every k,n,m € N,s € R we have
opk,s(m,n) Z h(d dksas (e,n), (2.4)
d2ke=m
(d,n)=1

where h is the multiplicative function defined by h(1) =1 and

e [ -1, ifpe@ anda=1,
hip") = {0, otherwise,

for every prime power p®.



Proof. Both sides of (2.4) are multiplicative in m, cf. Lemma 2.1 and its proof,
hence it is sufficient to prove it for m = p®, a prime power. Let F(m,n) denote the
right hand side of (2.4). We have F(p®,n) = 1 for every p|n. Furthermore, let p /n.
Then for every p € P, F(p*,n) = h(1)os(p*,n) = os(p®,n). Now, for p € Q we get:
F(p®,n) = h(1)os(p*, n)+h(p)p™os(p~2F,n) = (14+p°+..4p™) —p** (14p*+...4p** M) =
L4+ p% 4+ ..+ p D opsla=htl) 14 995 if g > 2k and F(p®, n) = o4(p®, n) if a < 2k.

Therefore, F(p®,n) = opy s(p*,n), by Lemma 2.2, which completes the proof. O

3 Asymptotic formulae

In what follows all the constants implied by the O-symbols are independent of z,n and wu.

Lemma 3.1 ([17], Lemma 5) If the set Q) is finite, then for s > 0 we have

1
— =0(1 3.1
> =00 (3.)
ne(Q)
1 1
1_o () , (3.2)
n>x nS xS
n€(Q)
1 1
Z ogsn _0 ( og;x) ' (3.3)
n>x n Z
ne(Q)

Remark. Compare the above estimates with the following well-known formulae:

3 1 {O(logm), if s =1, (3.4)

Zow o), s>,
1 1
> i=0(5m) o> (35)
n T
n>x
1 1
3 Ogg":()(f”f), s> 1. (3.6)
n x
n>x

We need the following two lemmas which are generalizations of certain results of D.
SURYANARAYANA [12], see also [17].

Lemma 3.2 If h is the function defined in Lemma 2.3, w € N and s > 1, then

M)y o
Z = am)ag) T @) (3.7)
(n,u)=1
where
1
Q)= Y oo bl = Y dln/d),
ne(@) dn

p denoting the Mébius function and Ag(x, Q) = 7% (Q finite) z'=% (Q infinite).



Proof. We have

h(n) _ <~ h(n) ( Ih(n)!>
> = +0
n<z ns ; nS n§>:x ns
(n,u)=1 (n,u)=1
Here the series is absolutely convergent and its sum is S B using the Euler product
CQ(5)¢S(UQ)
formula. The O-term is
1

n>x

n€e(Q)
by (3.2) and (3.5). O

Lemma 3.3 If h is the function defined in Lemma 2.3, u € N and s > 1, then

h(n)logn ug) ol C/Q(S)> ) o
(Z); n’  Co(s)ps(uq) ( s(uQ) + Cols) + O(As(z, Q) log ), (3.8)

where Cé? is the derivative of (g, As(z, Q) is given in Lemma 3.2 and

on(w) = 32 127

.
plup !

Proof. We have

h(n)logn 2. h(n)logn h(n)|logn
Z ()gzz (zlsg +O<Z|(zl|sg>’

S
n n>a

n<x n=1
(n,u)=1 (n,u)=1
where the series is uniformly convergent for s > 1+ > 1 and its sum can be obtained by
termwise differentiation with respect to s of the series given in the proof of Lemma 3.2, see
[12], Lemma 2.5 for h = . The O-term is

o 3 )~ 0(4,(z,Q) loga)

ns

n>x

ne(Q)
by (3.3) and (3.6). O

We also need the following results.

Lemma 3.4 ([5], Lemma 3, see also [10], Lemma 2) If u € N, then

2
Y r(n) = (‘f’(u“)> (logz +2C — 1+ 2a(w)) + O(S(u)ya), (3.9)
(=1

where ¢ = ¢1 is the Fuler totient function, C is Fuler’s constant and

o w(d)
a(u)zal(u)zzlgp S(u)—z3\/g.
dlu

-1’
plup




Lemma 3.5 Ifs>1 and u € N, then

Y oum) =8 jzsl)fmfﬁ?(u) 140 (:;2;‘ R@).  (310)

m<z
(m,u)=1

where ¢ is the Riemann zeta function and Rg(x) = x* (s > 1), z(logz)?? (s =1).
Proof. For s = 1 this result is exactly Lemma 2.2 of [8] and the same proof works out

for s > 1, see also [9]. O

Now we are ready to prove the following asymptotic formulae.

Theorem 3.1 Ifn,u € N, then

u

2
Z T(m,n) = <¢(U)> f(n,u)x(logz +2C — 1 4 2a(u) + a(n,u))

m<z
(m,u)=1

+0(07 1 j3(n,u)S(u) V'), (3.11)
where ) 1
fn,u) = 1——, a(n,u) = ng,
g{ ( p) ,‘,?z'ﬁ: p—1

or(n,u) is the sum of r-th powers ot the unitary divisors of n which are prime to u, and
fors>1,

Z oy(m,n) = C(s+ 1)&(??;Ziig)f(n,u) #1410 ( ;S(L)@)LST*(H u)Rs(x)> . (3.12)

m<z
(m,u)=1

where 7 (n,u) = o§(n,u) and Rs(x) is defined in Lemma 3.5.

Proof. We have

Zasmn Z ZdS*ZdSZu(r)

m<zx m<zx de=m de<zx r\(d,n)
(m,u)=1 (m,u)=1 (d,n)=1 (de,u)=1
S
B STCID SIS ST SR
r|ln ge<z/r r|n t<z/r
(riu)=1 (ge,u)=1 (ryu)=1 (t,u)=1

For s = 0 we get using Lemma 3.4,

> or(mn)= ) u(r)((qﬁsf)ff(l Z4+2C -1+ 2a(u )+O<\f5 ))

m<x r|n
(m,u)=1 (ryu)=1

:<¢(U))2x Z ME}") (logz +2C — 1+ 2a(u Z M logr

r|n r|n
(r,u)=1 (r,u)=1



2
+0 | VaS(u w(r)
w ¥ h

(ru)=1
$(u))?
B (u) f(n,u)z(logz 4+ 2C — 1+ 2a(u) + a(n,u)) + O(0™ | (0, u)S(u)Vz),
where
_y W — f(n, wa(n,w). (3.13)
In
(ru)=1

Here, in order to show (3.13) we use that

1 ¢ 1
-3 M(r)rogr _ Eln) > po?;’ neN,

r|n pln

cf. [1]. Denoting by n(u) the greatest divisor of n which is prime to u we have

B Z u(r)logr:_ Z ,u(r)logr:qﬁ(n(u)) Z log p

rin rnmlu n(u) niu p B 1
o () pln(u)
1 log p
= H (1_7) Z 1 :f(n,u)oz(n,u),
pinw) P pln P

which proves (3.11).
Now, for s > 1 we use Lemma 3.5:

> os(min) = 3 u<r>r8<<(s+1>¢<“>¢s+ﬂ“> (ﬂf)s“+o(38(fc>f*<u>us>>

(s + 1)ust2

m<x r|n
(m,u)=1 (ryu)=1

s+ Do(wdst1(uw) o1 w(r) T (u)u’ 2 s (L
= 5+ Dur? 25t > +0 5s (1) ;ﬂ: w(r)r RS(T)
(ryu)=1 (ru)=1

Using the definition of Rs(z) we get at once the O term given in (3.12), which completes
the proof. O

Remark. Note that for u =1, f(n,1) = ¢(n)/n,a(n,1) = a(n) for each n € N and for
n=1, f(1,u) =1,a(l,u) =0 for each u € N.

For u = 1 formula (3.11) is due to D. SURYANARAYANA and V. SivA RAMA PRASAD
[15], theorem 4.1.

Theorem 3.2 I[f P C P and k,n,u € N, then

2 )2k
ng:z Tpr(m,n) = <¢(uu)> f(n,u) CQ(2k()¢212?(nU)Q)x (logx + 2C — 1+ 2a(u) + a(n, u)
(m,u)=1
—2kai((nu)g) — 2]{:2223) + O(0Z j5(n, u)S(u) Hy (2, Q)), (3.14)

7



where Hi(z,Q) = /x (k> 2 or k=1 and Q finite), \/rlogx (k =1 and Q infinite), and
fors>1,

Y oprs(m,n) = s+ 1)¢(“)¢8+1(U)f(n,u)(nu)g(sﬂ) .
Pyk,s(m, (s + 1)¢o(k(s + 2))usT2ey(5 10y (1))

m<z
(m,u)=1

™ (u)u®
+o< S, umk,s(x,Q)), (3.15)

where Ry, (z,Q) = 2° (s > 1) x(logx)®/3 (s = 1,k = 1 and Q infinite ) x(logx)?/3 (s =1
and k >2 ors=1,k=1 and Q finite).

Proof. Using Lemma 2.3 we obtain

Z opks(m,n) = Z h(d)dksasen Z h(d dks Z os(e,n).

m<z d2ke<z d< QV e§x/d2k
=1
(myu)= (dn)=1 (dnu)=1 (e;u)=1
(d,u)=(e,u)=1

For s = 0 we have by (3.11)
Z TP,k(ma TL)

m<z
(m,u)=1

> h(d) <<W>2f(n, u)% <log E 20— 1+ 2a(u) +a(n,u)>

a< 2y "
(dinu)=1
+O( d%s( u)o *1/2(”7u)>)
2
_ (‘f’(u“)> fn,u)e | (logz +2C — 14 2a(u) + a(n, u)) d;y 1;(2?
(dTnu)zzl

d< 2k/z
(d,nu)=1

—2k Z h@fd);](:gd —i—O(S( Yot I/Qnu\f Z )
d< 2k/x

Now (3.14) yields by Lemmas 3.2 and 3.3 applied for s = 2k > 1 and by (3.1) and (3.4).
Furthermore, in case s > 1 we get by (3.12)

> onamn) = Y hd)d <<<s+1>¢<u>¢s+1<u>f<n,u> ()"

5+2 2k
= o (s+ 1u d
(m,u)=1 (d,nu)=1

ol ()2
s+ 1)o(u)ps1(u) f(n,u) L5+ Z h(d)
(s +

- )us+2

d< 2k
(d,nu)=1



T (wu' s x
52 (1) (N, u) Z \h(d)|dk R, <d2k>

d< 2k/z
(d,nu)=1

Here we apply Lemma 3.2, (3.1), (3.4) and get the desired formula (3.15). O

+0

Remark In case P = (),Q = P, h is the Mobius p function and the error term of
(3.14) can be improved using certain estimates regarding the p function with and without
assuming the Riemann hypothesis, see D. SURYANARAYANA and V. S1vA RAMA PRASAD
[15].

Corollary 3.1 (u=1) If PC P and k,n € N, then

Z Tpi(m,n) = nékqb(n) x (logz +2C — 1+ a(n)
e Sq(Zk)nda(ng)
o2k
—2kagk(ng) — 2k§222k3> + O(0Z )5(n)Hi (2, Q)), (3.16)
and for s > 1,
I L L .
%I opks(m,n) = (s + 1)nlo(k(s + 2)) Pr(st2) (nQ)

+0 (7" (n) Ry s(2, Q)) - (3.17)

For P = (),Q = P formula (3.16) is due to D. SURYANARAYANA and V. S1vA RAMA
PRrRASAD [15], Theorem 4.3 with better O-term.

Corollary 3.2 (n=1) If P C P and k,u € N, then

2k

2 Uu,
S Ter(m) = (%u)) CQ(%);?%(UQ);U (logz + 2C — 1 + 2a(u)

m<x
(m,u)=1

Co(2k)

—2kagi(ug) — 2kCQ(2k)

) + O(S(u)Hg(z,Q)), (3.18)

and for s > 1,

s+ DoWdsn(ug™

Z OPk,s (m) =

= (s + 1)Co(k(s + 2))us 2 (s 12) (ug)
7*(u)u®
+0 ( 5o () Ry s(x, Q)) : (3.19)

For P = (,QQ = P and u = 1 formula (3.19) is due to J. CHIDAMBARASWAMY [2],
Corollary 3.1.3 and to D. SURYANARAYANA and V. SivA RAMA PRrRAsAD [14], Corollary
4.1.1, see also D. SURYANARAYANA [13], Corollary 3.1 (case s = 1).



Corollary 3.3 (k=1) If P C P and n,u € N, then

2

= Co@da((n)g)
(2
—2a3((nu)q) — QEZEQD + 002y 5(n,u)S(u)H(z, Q)),

where H(xz,Q) = x (Q finite), \/xlogx (Q infinite), and for s > 1,

s+ Do) (u) f(n,u)(nu)y?
ng:z 7aslmn) = (s + D)iq(s + 2)u 2, a((nu)g)

(m,u)=1

S

10 <T*(u)u

52 (0) 7*(n, u)Rs(z, Q)) ,

2 nu
Z TA(m,n) = <<;S(uu)) f(n,u) (nu)q z (logz +2C — 14+ 2a(u) + a(n, u)

(3.20)

(3.21)

where Ry(z,Q) = z° (s > 1) z(logz)®? (s = 1 and Q infinite) z(logz)?/? (s =1 and Q

finite).

For n = 1 formula (3.20) was given by us in [17], Theorem 1. For n = v = 1 (3.21)

appears in [16], Theorems 7 and 12.

For A=U,n = s =1 formula (3.21) is due to V. SITARAMAIAH and M. V. SUBBARAO

[8], Lemma 2.4.
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