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Abstract. We introduce the notion of cross-convolution of arithmetical functions as
a special case of Narkiewicz’s regular convolution. We give asymptotic formulae for the
summatory functions of certain generalized divisor-sum functions and Euler-type functions
related to cross-convolutions and to arbitrary sets of positive integers. These formulae
generalize and unify many known results concerning the corresponding usual and unitary
functions.
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1. INTRODUCTION

It is well-known the analogy between properties of certain special arithmetical functions
and their unitary analogues such as o(n) and o*(n), 7(n) and 7*(n), ¢(n) and ¢*(n),
representing the sum of divisors and the sum of unitary divisors of n, the number of divisors
and the number of unitary divisors of n, the Euler function and its unitary analogue,
respectively, see [Co60a], [Co60b], [McC86], [Siv89].

Common generalizations of these functions are given in terms of A-convolutions of arith-

metical functions defined by

(f*49)(n Z f(d)g(n/d),

deA(n)

where A is a mapping from the set N of positive integers to the set of subsets of N such
that A(n) C D(n) for each n, D(n) denoting the set of all (positive) divisors of n.
W.NARKIEWICZ [Nar63| defined an A-convolution to be regular if
(a) the set of arithmetical functions is a commutative ring with unity with respect to
ordinary addition and the A-convolution,



(b) the A-convolution of multiplicative functions is multiplicative,

(c) the function I, defined by I(n) =1 for all n € N, has an inverse p, with respect to
the A-convolution and pu(p*) € {—1,0} for every prime power p(a > 1).

It can be proved, see [Nar63|, that an A-convolution is regular if and only if

(i) A(mn) ={de:d e A(m),e € A(n)} for every m,n € N, (m,n) =1,

(ii) for every prime power p®(a > 1) there exists a divisor ¢ = ¢ ,(p®) of a, called the type
of p® with respect to A, such that A(pit) = {1,pt, p?,...,pt} for every i € {0,1,...,a/t}.

For example, the Dirichlet convolution D, where D(n) = {d € N : d|n}, and the unitary
convolution U, where U(n) = {d € N:d|n,(d,n/d) = 1}, are regular.

In this paper we consider regular A-convolutions, see also [McC86], [Sit78]. For d,n € N,
the number d is said to be an A-divisor of n if d € A(n). Let o, (n) denote the sum
of s-powers of the A-divisors of n and let 04 ;(n) = 0,(n) be the sum of A-divisors of
n. Furhermore, for k € N let ¢, ,(n) denote the number of integers = (mod n*) such
that (z,n*), , =1, where (a,b), , stands for the greatest k-th power divisor of a which
belongs to A(b). The function ¢, ,(n) was defined by V. SiTA RAMAIAH [Sit78], for k =1
the function ¢, |(n) = ¢,(n) was studied by P.J. MCCARTHY [McC68].

For A= D and for A =U we obtain the functions o(n),o(n), ¢, (n) and their unitary
analogues o*(n),o*(n), ¢;(n), respectively. The function ¢,(n) was investigated by E.
COHEN [Co49], [Co56], ¢,(n) = ¢(n) is the classical Euler function and ¢;(n) was defined
by K. NAGESWARA RAO [Nag66].

Although asymptotic formulae concerning the usual and the unitary functions of above
have been investigated by several authors, common generalizations of such formulae seems
to not have appeared in the literature.

Narkiewicz’s [Nar63] paper includes certain asymptotic formulae for arithmetical func-
tions defined by regular A-convolutions, but with an additional condition on A, which is
not satisfied neither for A = D nor for A =U.

The aim of this paper is to establish asymptotic formulae for the summatory functions of
Op50A (n), ¢ Al x(n), in fact we will deduce asymptotic formulae concerning more general
functions, if A is a cross-convolution to be defined in section 2, which generalize and unify
the corresponding known results concerning the usual and the unitary functions.

Our method is elementary and applies some standard arguments. It is used in [T95] for
various types of arithmetical functions. We plan to continue our investigations in forthcom-
ing papers.

2. PRELIMINARIES

If A is a regular convolution, then the generalized Mobius function p , is the multiplica-

2



tive function such that, for all prime powers p®(a > 1),

-1, if @) = a,
W uA<pa>={ b

0, otherwise.

For k € N, let A, (n) = {d € N: dF € A(n*)}. It is known that A, -convolution is
regular whenever the A-convolution is regular.

Let S be a subset of N and let pg denote the characteristic function of S, that is
ps(n) =1if n €S, and pg(n) =0 if n ¢ S. The generalized Mobius function pig 4 is
defined by

(2) Hs A k41 =pg,

where I(n) =1 for all n € N, see [H88]. If S = {1}, then pug , = p,, and if A= D, then
p 4 = i, the classical Mobius function. If A = U, then pu,, = p* is the Liouville function.

We say that S is multiplicative if its characteristic function pg is multiplicative, i.e.
1 €S and mn € S if and only if m € S;n € S for every m,n € N with (m,n) = 1.

By (2), (1) and by Mé&bius inversion we immediately have the following statements, see
[THO6].

Lemma 1. The function Is 4 is multiplicative if and only if S is multiplicative, and in
this case

MS,A(") = H (Ps(pa) - Ps(pa_t)) )

p®||n

for every n € N, where t =t ,(p®) is the type of p® with respect to A and p®||n means
p*n and p*tl fn.
If S is multiplicative, then pug ,(n) € {—1,0,1} for every n € N.

Remark 1. If S is not multiplicative, then the function pg 4 can take other values, too.
Moreover, it can be unbounded, as it is shown in the following example. Let A = D and
let S =P be the set of the primes. Then

= ps(dp(n/d) = p(n/d),

d|n
deP

for every n € N and for n = p,p,...p,., where p,,p,,...,p, are distinct primes, we get

11p(P1 Dy - Zu Py Pigr-Dy) = (1)



Lemma 2. For every subset S and for every regular convolution A we have |pg 4(n)| <
7(n) for every n € N, and pug 4(n) = O(n®) for every € > 0.

If A is a regular convolution, S C N and s € R let og 4 , be the function defined by

US,A,S(TL): Z d’.

deA(n)
n/des

We have og 4 . = pg *4 E,, where E (n) = n® for every n € N and it follows that for S

s
multiplicative og 4 . is multiplicative, too. If A= D and S = {n* :n € N}, where k € N,
then we obtain the classical function of L. Gegenbauer.

Furthermore, for a regular convolution A, for S C N and k € N let ¢g , ,(n) denote
the number of integers z (mod n*) such that ((z,n*),,)/* € S. This function was

introduced by P. HAUKKANEN [H88] and one has

(3) Ps Ak = Ms.a, *a, Ep-

The function ¢g p; was introduced by E. CoHEN [Co59]. If S = {n" : n € N}, where
h €N and A= D,k =1 we have the function of E. COHEN [Co60c], which reduces to the
function b of S. SIVARAMAKRISHNAN [Siv79] if h = 2. Let m e Nym > 2. If § =@, is
the set of m-free integers (i.e. integers not divisible by the m-th power of any prime) and
A = D,k =1 we obtain the function ¢, of V. L. KLEE [K48]. If S = Q¥ is the set of
semi-m-free integers (i.e. integers not divisible unitarily by the m-th power of any prime)
and A = U,k =1 we have the function ¢* of D.SURYANARAYANA [Sur72].

For S = {1} we get the function ¢ Ak defined in the Introduction. For other particular
cases of the function ¢g 4 , we refer to the papers and books given in the bibliography.

Let A be a regular convolution. We say that A is a cross-convolution if for every prime
p we have either A(p®) = {1,p,p?,...,p*} = D(p®) or A(p®) = {1,p*} = U(p?®) for every
a € N. Let P and @ be the set of the primes of the first and second kind of above,
respectively, where P U @Q = P is the set of all primes. For Q = () we have the Dirichlet
convolution D and for P = () we obtain the unitary convolution U.

Furthermore, let (P) = {1} U{n € N : each prime factor of n belongs to P},(Q) =
{1} U {n € N : each prime factor of n belongs to @ }. It is clear that every n € N can be
written uniquely in the form n = npng,, where np € (P),ng € (Q) and (np,ng) =1. If
A is a cross-convolution, then A(n) ={d € N:d|n,(d,n/d) € (P)} for every n € N.

Remark 2. According to [Sit78], Theorem 3.3, the following statements are equivalent:
(i) A is a cross-convolution,

(ii) for every prime p, m, Is either {0,1,2,3,...} or {0,1},{0,2},{0,3}, ...,

(ili) A= A, for every k € N,



(iv) d € A(n) if and only if d* € A(n*) for all n,k € N.

Remark 3. If A is a cross-convolution, then o,(n) = o(np)o*(ny) and ¢,(n) =
¢(np)¢*(ng) for every n € N. Similar identities are valid also for the generalized functions
discussed in this paper.

For an arithmetical function f let D(f,z),Dp(f,2) and Dg(f,z) denote the Dirichlet

series
) S - f(n)
Z Rt Z o and Z et
n=1 =1 n=1
respectively. If f(n) = I(n) =1 for each n € N, then D(I,z) = ((z) is the Riemann zeta

nE(P) n€(Q)
function and let Dp(l,2) = (p(2),Dg(1,2) = (5(2). The next assertions follow by the
Euler product formula.

Lemma 3. If the function f is multiplicative and if D(f,z) is absolutely convergent,
then

Dp(f2) = JJa+ f(f) + f(fj) ),
peEP p p

Dy(f.2) = [Ja+ 12+ 18 )
peQ p b

DP(faz)DQ(fVZ) = D(f,Z)
If in addition f is completely multiplicative, then

f)

Dp(f,2) = [T -L2)
peP p
Dy(f,2) = - L2)-1.
pPeEQ p
If z€ C,Rez > 1, then
¢r(2) zpeﬂpa - pi>
o) = T - =),
pPeEQ p
Cp(2)Co(2) = C(2)

Dp(p,2) = 1/¢p(2),
Do (p:2) = 1/¢(

We need the following well-known estimates.
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Lemma 4.

O(z'=%), 0<s<l1,
(4) Z n~* =< Ologz), s=1,
nse o(1), s>1,
(5) Z n~%=0(x'"%), s>1.
n>x

Lemma 5. (see [T89], Lemma 5 and Lemma 8)

O(z'=3logz), 0<s<1,

7(n) 2
= — ]_
(6) ; =1 Ollog*x), s=1,
n=r o), s>1
O(z'=%log3x), 0<s <1,
7%(n)
(7) = O(logtz), s=1,
na® o), s>1
(8) TT(ZZ) = O(z' " *logz), s>1
n>x

Lemma 6. (see [Ch67], Lemma 2.3) If s > 0 and a € N, then

s+1
Z n® = (Z((?——T—l) + O(z°7(a)).
n<x
(n,a)=1

The following is a key-lemma of our treatment, see also [TH96].

Lemma 7. If s > 0 and a € N, then

s ¢(aQ)$S+1 (s)
> om =m+0(14a (z,Q)),

n<x
(n,a)e(P)

where A,(f)(x, Q) = z* or x°7(a), according as @ is finite or @) is infinite, respectively.

Proof. Observe that (n,a) € (P) if and only if (n,7(ag)) =1, where y(m) denotes the
product of distinct prime factors of m. Hence

o(v(ag))zstt
E n® = E n' = ———="_ +O0(x*r(v(a ,
n<lx n<x ’Y(GQ)(S—F 1) ( ( ( Q)))
(n,a)€(P) (n,y(ag))=1

by Lemma 6. Here ¢(y(ag))/v(ag) = ¢(ag)/ag and if @ is finite, then 7(v(ag)) <
T(HPEQ p) = C', a constant, which completes the proof.

Remark 4. We have Aés)(x, Q) = O(z%a®) for every @ and for every £ > 0.
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Lemma 8. If A is a cross-convolution and ¢ is an arithmetical function such that
g(n) = O(n®) for every € > 0 and if s > 0, then the series

i Y (n)¢(”Q>
—~ ns+1nQ

is absolutely convergent. Let S (g) denote the sum of the series. If in addition g is
multiplicative, then

S.(9) =Dplg.s+1) [J(1+ (1 -
PEQR

DIETE!

T

and if g is completely multiplicative, then

D(g,s+1)

Proof. The absolute convergence of the series follows at once by

g, (1) = O =)

9(n)dng) _ , n° 1

where ¢ is choosed such that ¢ < s. If g is multiplicative, then the general term is
multiplicative and the series can be expanded into an infinite product of Euler-type and we
use Lemma 3.

Lemma 9. If A is a cross-convolution and s > 0, then the series
i ¢(nQ)
1
n=1 n? nQ
is absolutely convergent and its sum is ((s +1)/(o(s +2).
Proof. Apply Lemma 8 for the completely multiplicative function g = I.

Lemma 10. If A is a cross-convolution, S C N and s > 0, then the series

= P, a(n)d(ng)
Zl S;‘LSH”Q )

is absolutely convergent and for S = {1} its sum is

1 p—1
Cp(s+1) [la- p(p*! —1))'

PEQ



Proof. Tt follows from Lemma 2 that g = pug 4 satisfies the condition of Lemma 8. For
S = {1} we obtain by Lemma 3

SS(NA) = DP(:uAvs + 1)DQ(MA,S +1) = DP(,UJ,S +1) H(l +(1— }9) Z H*(pa))

a(s+1

PEQ S polstl)

I~ 1 1 b1 .

=Dplnsr ) [ =0=0) )= -2 ta- L)
P ]gg p ;pa(s—H) CP(3—|—1)p]~;([2 ps+2 p8+1

_ __p-1
=G 0 =)

3. ASYMPTOTIC FORMULAE

Theorem 1. If Ais a cross-convolution, g is an arithmetical function such that g(n) =
O(1(n)),s >0 and f=gx*, E_, Es(n) =n* for every n € N, then

S 1) = 3Dt 08 (g.2,0).

n<x

where S, (g) is given by Lemma 8 and B, (g,z,Q) = z* (s > 1), zlogtz (s = 1,g
unbounded and Q infinite ), zlog®z (s < 1,¢g unbounded and Q infinite ), xlog®z (s =
1,9 unbounded and @ finite or s = 1,g bounded and @ infinite ), xlogz (s < 1l,g
unbounded and @) finite or s = 1,9 bounded and (@ finite or s < 1,9 bounded and @
infinite ), x (s < 1,g bounded and @ finite ).

Proof. Using Lemma 7 we deduce

Sim= Y g@e =Y g@ Y e

n<x de=n<zx d<z e<z/d
(d,e)e(P) (e,d)€(P)

=Y 9@ s+1) (o) + O(AP (2/d,Q)))

d<z Q
rstl 0 g d gb s+l (5)
- S—|—1 Z ds+1d - S—|—1 Z d5+1d Zg(d)O<Ad (l’/d, Q))
n=1 d<z

=T, (z) — Ty(z) + T3(gj),

where the first term is T} (z) = %Ss (9) by Lemma 8, for the second term we have

s 7(d si1logx
T,(2) = 0@ Y2 D) — 0(@+11%%) — O(alog ),
d>x



applying (8). If g is bounded, then

T,() = 0 S 2 20) = 0™ 1a™) = O(w)

d>x

by (5). The third term of above can be evaluated as follows:

Ty(x) = 0 7(d) A (2/d,Q)),

d<z
now if () is finite, then
O(z%),
1,(2) = O(3 r(@)a/d)) = 0 3 T = & O og? ),
d=v d=w O(z*x'=slogx) = O(xlog x),
by (6). If @ is infinite, then Tj(x)
o [0
ZT )(z/d)®) = O(z?® Z Td<s )) =< O(zlog*z),

dsr dsz O(zsx1=5log” z) = O(z log® x),

by (7). If ¢ is bounded, then

Ty(w) = 00 AP (2/d,Q)),

if s >1,
if s=1,
if s <1,

if s >1,
if s=1,
if s <1,

d<z
where for () finite one obtains
O(a’;s), if s > 1,
1
Ty(x) = 0> (x/d)*) =O0(z" > —) = Olzloga), if s =1,
ds® dsz O(zsx'=%) = O(x), ifs<1,
using (4), and for @ infinite
s s\ 7(@)
Ty(z) = O()_ 7(d)(z/d)*) = O(z* ) )
d<zx d<z

and we apply again (6).



Theorem 2. If A is cross-convolution, S C N and s > 0, then for the function og , .

we have T
S
g

> osas(n) = o £ 0(C(2.Q)).
n<x
where S
n
Q
Qg s = s
’ nZ::l n*Fing
nes

and C,(2,Q) = z* (s> 1), 2log’z (s =1 and Q infinite ), zlogz (s =1 and Q finite
or s <1 and @ infinite ), x (s <1 and @ finite ).

Proof. This is a consequence of Theorem 1 applied for g = pg, the characteristic function
of the subset S.

For different choices of the subset S we obtain various formulae. We present some
particular cases.

Theorem 3. If A is a cross-convolution, S = @, Is the set of k-free integers, where
ke N k>2,and s> 0, then

- C(s+1) 1 1 1 si1
2 7t = ity L0 e~ e * e

+O(Cs (ZIZ‘, Q))7

where C (x,Q) is given in Theorem 2.

Proof. We have

[oe)
n
T S
kS TLS_HTLQ

- 1 op) | o) d(pk-1)
_ eP(l R e Gy ]E_!?(l + oty e o e )
p p
1 1 1 1 1 1
=T~ )= ) O IO+ 5= )+ 5+t
g(( pk(8+1) )( ps-l-l ) )pl;!;)( ps+1 ( p)( ps—i—l p(/f—2)(s+1) ))
CP(S + 1) 1 1 1 1 .
= (e 1)) 1 1— 31— ————)(1—
CP(]{?(S—f—l)) p€1_£( +ps+1( p)( p(k—l)(s+1))( pS‘H) )
_ Cp(s+1) 1 1 1 1
= Golits 7 e+ ILA = o+ (= )0 = i)
p
_ ((s+1) 1 1 1
- mg( Copst2 ph(stD) + pk:(s+1)+1)'

For A=D (Q =0) and for s =1 this result is due to E. COHEN [Co60c|, Theorem 3.1.
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Theorem 4. If A is a cross-convolution, S = S, is the set of k-th powers of the positive
integers with k € N and s > 0, then

s+
2 5ue™) = Do+ D4 D)

n<x

*T + 0(C,(z,Q)),
where C (z, Q) is given in Theorem 2.

Proof. We get

= 9(ng) 2 o((mF)g) = 9(myg)
g = S Q :Z( Q -y Q

,8 ns+1nQ ] mk)ka(s+1) - QOk(s—l—l)

n=mk=1 m=1

k(s 1))
CQ(k(s +1)+1)’
by Lemma 9.
Theorem 5. If A is a cross-convolution, S = P is the set of the primes and s > 0, then
sl 1 1
;JP,A,S(H) = s+ 1 (; ps—|—1 - pEZQ ps—|—2) + O(Cs(xu Q))v

where C(z, Q) is defined in Theorem 2.
Proof. In this case we have
A 1 (p) 1 1
aP7S - Z n3+1n - Z p5+1 + Z p3+2 - Z p5+1 B Z p5+2 :

n=1 @  pep PEQ p€eP PEQ
nelP

Theorem 6. If A is a cross-convolution, S = {m}, with m € N and s > 0, then
xs—i—l

1
Y oga.n) = G55 Dmet (1- ];) + 0(Cy(z,Q)),

n<z plm

PEQ

C,(z,Q) being defined in Theorem 2.

Theorem 7. If A is a cross-convolution and s > 0, then

s zstl
> 0as(n) = (Sﬁ SCL)(S T3y T OC. Q).

= 202
n;am = 1o, + O Q)

where C(x,Q) = C,(z,Q) = zlogx (Q finite ), xlog>x (Q infinite ).
Proof. Apply Theorem 4 for k = 1.

In the unitary case (Q = P) these formulae were proved by E. COHEN [Co60a], Corollary
4.1.1 for s =1 and by J. CHIDAMBARASWAMY [Chi67], Corollary A/(ii) for s > 1.
In what follows we deduce asymptotic formulae for certain functions of Euler-type.
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Theorem 8. If A is a cross-convolution, S C N and k € N, then
Bg prh T
> bsan(n) = === +0(C,(S.2,Q)),

where

- 5 o
7 n=1 g
and C,(S,z,Q) =zF (k>1), zlog*z (k=1 and Q infinite ), zlog’z (k=1 and Q fi-
nite or k = 1,Q infinite and S multiplicative ), xlogx (k = 1,Q finite and S multiplicative
).
Proof. From (3) and Remark 2 we have Ps ar = Bs a*aEy. Now apply Theorem 1 for
g = kg 4 and use Lemmas 1, 2 and 10.

Theorem 9. (A= D) If S CN and k € N, then for the function bspr = Psp We
have

3 bsuln) = e+ 0(Cy(5.),

n<x

where (4(2) = D(pg, 2), C,.(S,x) = 2% (k> 1), zlog’z (k=1 and S not multiplicative),
xzlogx (k=1 and S multiplicative).

Proof. Apply Theorem 8 and use that by (2) we have D(ug,2) = D(pg,2)D(p,2) =
Cs(2)/C(2), Rez > 1.

For k =1 this result was given in [ST90], Theorem 2 and it is cited in [MSC96], page
33, with the remainder term O(zlog® x) for every S, and for k=1 and S = {n* : n € N}
we have the formula due to E. COHEN [Co60c|, Theorem 4.1.

Theorem 10. If b is the function of R. Sivaramakrishnan, then

Zb = —:1: 2+ O(xlog ).

n<x

Proof. Using Theorem 9 for S the set of squares and k£ =1 we obtain
Cok+1)  (4(2)  ((4) w2

(E+1)C(k+1)  2¢(2) 2¢(2) 30

From Theorem 9 one can deduce the known asymptotic formulae for the function ¢,,
of Klee, see U. V. SATYANARAYANA, K. PATTABHIRAMASASTRY [SP65], for the function
@* of D. Suryanarayana, see [Sur72], Theorem 3.1, and for other particular functions
investigated in the literature.
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Theorem 11. If k € N, then

3 banln) = L Ea 4 00, ),

n<x

where

B 1 p—1
=g L0 ey

peEQ
and C,(x) =z* (k> 1), xlog’x (k=1 and Q infinite ), zlogz (k=1 and Q finite ).
Proof. Apply Theorem 8 with S = {1} and Lemma 10.

For A= D and k = 1 we have the classical formula of F. Mertens, for A = U it was
established by E. COHEN [C60a], Corollary 4.4.2 for k = 1, and [C61], Corollary 3.1.2 for
E>1.

Remark 5. An asymptotic formula for an even more general Euler function, including all
the above functions is given in [TH96].

Formulae obtained in this paper are very general, the remainder term of them can be
improved for particular choices of S, P and k. As an example, we have the following result,
see Theorem 7.

Theorem 12. If A is a cross-convolution, then

274l = 3¢y + O Q).

n<x

where D(z,Q) = zlog??z (Q finite), zlog®®x (Q infinite).
Proof. We have the identity
oapn) =Y h(do(e), neN,
d?2e=n
where the multiplicative function h is defined by

h(p®) =
(v") 0, otherwise,

{_p7 ifpeQaa:]-a

for every prime power p®(a > 1), see [SS73].
Using now the following result of A. Walfisz [W63]

2.2
Z o(n) = ng + O(z1og?? ),

n<x
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we get

Soam= Y hde@ = 3

n<z d2e=n<z d</x e<lxz/d?
7r2ac2 03 T
log2/3 =
Z h 12d4 O(d2 0g d2))
d<\/z
7T2x2 |h
= Z d4 xlo Z
d<y/z d</z
7222 S h(d) 1
=0 i + O(z? Z d3)+0 zlog?/? Z
d=1 d>/z d<f
de(Q)
w22 1 122
=  [—— D
N pEHQ< ) +0W) + 0(D(.Q) = 175 + O(D(r. Q)

applying (5), (4) and Lemma 3 and using that for @ finite

Z H is a constant.

Nt

In the unitary case this formula was established by R. S1TA RAMA CHANDRA RaAO, D.
SURYANARAYANA [SST73], formula (1.4).
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