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1 Introduction

Asymptotic properties of certain special arithmetical functions, like the divisor function
7(n), the sum-of-divisors function o(n) and the Euler function ¢(n) can be investigated in
the general setting of arithmetical semigroups. The book of J. KNOPFMACHER [8] contains
a detailed study of such properties, including asymptotic formulae with error estimates and
extremal orders of magnitude of functions.

This book gives also properties of the unitary analogue 7*(n) of the function 7(n), while
the other unitary analogues ¢*(n) and ¢*(n), cf. E. COHEN [2], [3], P. J. McCARTHY [10],
are not investigated. We refer to the papers of E. M. HORADAM [6], [7] for the study of
these functions defined for Beurling’s generalized integers, which is essentially the same as
the setting of arithmetical semigroups.

Common generalizations of these functions are given in terms of regular convolutions of
arithmetical functions, cf. W.NARKIEWICZ [11] and [12], [10], [13].

In a series of papers, see [13], [14] we gave asymptotic formulae for functions defined
on the set N of positive integers by a special case of regular convolutions, called cross-
convolutions. These results generalize and unify the corresponding known results concerning
the usual and the unitary functions.

In the present paper we show that our results can be extended for functions defined on
arithmetical semigroups satisfying the basic axiom.

We will refer to the concepts and results given in the book [8]. We summarize in
Sections 2-4 the notions and results we need regarding arithmetical semigroups and regular
convolutions. Our results are given in Sections 5-8.

2 Arithmetical semigroups

Let (G,-) be a commutative semigroup with identity 1 and suppose that there exists a
finite or countable infinite subset P(G) = P of G such that every n € G has a unique



factorization, up to the order of the factors, of the form

n= H pn(p)7

pEP

where the exponents n(p) are non-negative integers of which all but a finite number are zero
(define 1(p) = 0 for all p € P). Furthermore, suppose that there exists a norm mapping
|-|: G — R such that

(i) |1] = 1,|p| > 1 for each p € P,

(ii) jmn| = |m||n| for each m,n € G,

(iii) Ng(z) = #{n € G : |n| < z} is finite for every real z > 0.

Then G is called an arithmetical semigroup. The elements of G are called generalized
integers (typed in boldface). The elements of P are the primes.

For d,n € G, d is said to be a divisor of n if de = n for some e € G, notation d|n.
The greatest common divisor (m,n) and the least common multiple [m,n] of m,n € G are
defined in the usual way. We have

(a) d|n if and only if d(p) < n(p) for every p € P,

(b) (m, n)(p) = min{m(p),n(p)} for every p € P,

(¢) [m,n](p) = max{m(p),n(p)} for every p € P.

G satisfies the basic axiom (Axiom A, cf. [8], p. 75) if there exist real constants A,d
and 7 such that A > 0,0 <7 < ¢ and

Na(z) = Az’ + O(a") as T — 00.

If G satisfies the basic axiom, then the set P of primes is infinite and has asymptotic
density zero, i. e. mg(x) = #{p € P:|p| <z} = o(Ng(x)) as x — oo (cf. [8], p. 87).

Complex valued functions defined on G are called arithmetical functions. The arith-
metical function f is multiplicative (completely multiplicative) if f(mn) = f(m)f(n) for
every coprime m,n € G, i. e. with (m,n) =1 (for every m,n € G).

A 7normalization principle” (see [8], p. 78): Estimates regarding sums of the form
>inj<e f(n), where f is an arithmetic function, may be simplified considering the norm
In|* = n|°. Then

S 1= Y 1=Nga'’) = Az +0(2"?)

In[*<z In|*<az

and the basic axiom can be stated as follows: there exist real constants A and 7 such that
A>0,0<n<1and
Z 1=Az+0O(z").

In|*<z

That is, this converts G into an arithmetic semigroup G* satisfying the basic axiom with
0 = 1. We do not use it in what follows.

Examples: 1) The set G = N of positive integers forms an arithmetical semigroup with
respect to ordinary multiplication and the norm |n| = n,n € N. Here P(N) is the set of all
rational primes and since

Nn(z) = [2] = 2+ O(1),

the basic axiom is satisfied with A = § = 1,7 = 0. This is the proto-type of all arithmetical
semigroups.

2) Let (pn)n>1 be an infinite sequence of real numbers such that 1 < p; < p2 < ... < p, <
... . Then the numbers pi'p32..., where the exponents are non-negative integers of which all



but a finite number are zero, are called Beurling’s generalized integers, cf. A. BEURLING
[1]. They form an arithmetical semigroup with respect to ordinary multiplication and the
norm |n| = n. The basic axiom may or may not be satisfied.

3) If (D, +,-) is an Euclidean domain, then the set Gp of all associate classes a of non-
zero elements a € D forms a commutative semigroup with identity under the multiplication
operation @- b = ab. Furthermore, we have a unique factorization into powers of the classes
p of prime elements p € D and [a| = |a| defines a norm on Gp verifying conditions (i)
and (ii) of above. In certain special cases condition (iii) is satisfied too and Gp forms an
arithmetical semigroup.

For example, if D = Z the ring of rational integers, then GGz can be identified with the
semigroup N of Example 1.

Let D = Z[i] = {m+ni : m,n € Z} be the set of the Gaussian integers. (Z[i],+, ) is an
Euclidean domain with the norm |m + ni| = m? 4+ n?, it has 4 units (the numbers 1, -1,
and —1i), hence

Neiy (7) = Nagg(e) = 3 3 r(n) < oo,
n<x
where r(n) = #{(z,y) € Z? : 22 +y® = n}, i. e. r(n) is the number of lattice points on the
circle 22 + 4% = n (n > 1). Hence Gz, is an arithmetical semigroup. Here the primes are
the associate classes of the numbers

(i) 141,

(ii) the rational primes p = 3 (mod 4),

(iii) the factors of the rational primes p =1 (mod 4).

We also have

N () = %éﬂ +0(z'/?),

therefore the basic axiom is satisfied with A = 7,6 =1,n = % Note that the constant 1 of
1

the basic axiom is not unique. The above estimate with n = 5 is due to C. F. GAuss and
it can be obtained by simple familiar arguments. According to a result of H. IWANIEC and
C. J. MazzocHI (1987) one can choose 7 = 2—72 + ¢ for every € > 0, where % ~ 0.318181.
On the other hand n > % = 0.25, as it was shown by E. LANDAU (1915) and independently
by G. H. HARDY (1915), see [9], p. 141-142.

4) Let K denote an algebraic number field, i. e. a finite extension of the rational field
Q and let D denote the ring of the algebraic integers in K. For example, if K = Q and
K = Q(i), then we have the rings Z and Z[i], respectively. Now, the set G of the non-zero
ideals in D (the integral ideals in K) forms an arithmetical semigroup satisfying the basic

axiom, see [8], p. 14 and p. 76.

3 Asymptotic estimates for semigroups satisfying the basic
axiom

Suppose that G is an arithmetical semigroup satisfying the basic axiom. The first result of
this Section is not given in [8], see [5], Lemma 1.

Theorem 3.1 Suppose that f is a multiplicative function and the series Y, .o f(n) is
absolutely convergent. Then

> fm) =11 > rpY),

neG peP a=0



1. e. the Buler product formula holds and the product is also absolutely convergent.

Theorem 3.2 The series Y., |n|™* is absolutely convergent for Rez > ¢ and divergent
for Rez < 9. Hence

= = = _ B ez
GER= =Y b= =T (1-0z) .« Rez>o

neG pEP

s an analytic function.

Cc(2) is called the zeta function of the arithmetical semigroup G.
In what follows we give estimates for the sum >, <, [n|®, where s € R. For the proof
we refer once again to [8], Ch. 4.

Theorem 3.3

(i) > Il =Ca(s) + 0@ ™), s>,
In|<z

(i) > In|™ = Adlogx + g + O(a "),
n|<z

where yg = lim,_4 (Cg(s) — %) is the FEuler constant of G,

Ad

(ii1) S In|7"= rxé—” + O(log z),
n|<z N
. -3 Ad 0—s —s+
(1v) Z In|~* = - +a(s) +0(x™™), n<s<od,
In|<z
where a(s) is a constant, depending on s,
Ao
(v) > In)f= mw”‘s +O0(@z*t), s> —n.

In|<z
Theorem 3.4 (Mertens’ formula, see [8], p. 171)

1 e 1
l1—-— ) =— 1
11 < \P|5> 5A10g$( +O<log:v)>’

[p|<z

where v =~ 0.5772 is the Euler-constant (of N ).



4 Regular convolutions

Let A(n) be a subset of the set of divisors of n for each n € G. The A-convolution of the
arithmetical functions f and g is given by

(fxag)m)= Y f(d)g(n/d).

deA(n)

This convolution is called regular if

(a) the set of arithmetical functions is a commutative ring with identity with respect to
ordinary addition and the A-convolution,

(b) the A-convolution of multiplicative functions is multiplicative,

(c) the function I, defined by I(n) = 1,n € G, has an inverse ug a4 = 14 with respect
to the A-convolution and p4(p®) € {—1,0} for every prime power p® with a > 1.

For A =D, up = p is the Mobius function given by

1, ifn=1
p(n) =<¢ (=1)", ifn=pip2---p,, p;€ P distinct,
0, otherwise,

Regular convolutions were introduced by W. NARKIEWICZ [11] in the case G = N and for
an arithmetical semigroup by P. HAUKKANEN [4].

For example, the Dirichlet convolution D, where D(n) = {d € G : d|n}, and the unitary
convolution U, where U(n) = {d € G : d|n, (d,n/d) = 1}, are regular.

It can be proved, see [11] that an A-convolution is regular if and only if

(i) A(mn) = {de:d € A(m),e € A(n)} for every m,n € G, (m,n) =1,

(ii) for every prime power p%, a > 1 there exists a divisor ¢t = t4(p®) of a, called the type
of p® with respect to A, such that A(p") = {1, p!, p%, ..., p'*} for every i € {0,1,...,a/t}.

The elements of the set A(n) are called the A-divisors of n.

For other properties of regular convolutions see also [10] and [12].

We say that the regular convolution A is a cross-convolution if for every prime p we have
either t4(p®) = 1, i.e. A(p?) = {1,p,p?,...,p*} = D(p?) for every a € N or t4(p*) = a,
ie. A(p?) ={1,p?} = U(p?) for every a € N. Let P4 and Q4 be the sets of the primes of
the first and second kind of above, respectively, where P4 U Q4 = P is the set of all primes.
For P4 = P and Q = () we have the Dirichlet convolution D and for P = () and Q = P we
obtain the unitary convolution U.

Furthermore, let (P4) and (Qa) denote the multiplicative semigroups generated by
{1} U P4 and {1} U Qa4, respectively. Every n € G can be written uniquely in the form
n=np,ng,, where np, € (P4),ng, € (Qa).

If A is a cross-convolution, then

An)={d € G:d|n,(d,n/d) € (P4)}

and we get
(fxag)m)= > f(d)g(n/d).
d|n
(dn/d)e(Py)

If A is a cross-convolution, let

= X w1 ()

ne(Py) pPEPA ‘p|z



= X we= I ()

zZ
ne(Qa) pPEQA ’p|

where (p,(2)(g,(2) = ((2), Rez > 4.
Cross-convolutions were introduced by us in [13] in case G = N.

5 Arithmetical functions

Consider the following functions, where A is a regular convolution and s € C:

0G,4,s(M) = 045(0) = Y gecam) |d|* = the sum of s-th powers of the norms of A-divisors
ofn, 041(n) =0ca(n), oap(n) = TA( ) = the number of A-divisors of n.

Furthermore, define the following generalizations of the Euler function:

¢c.A(z,n,s) = da(z,n,s)= > [k

[k|<z
(k,n) 4=1

where x > 0 and the sum is over the elements k € G such that |k| <z and (k,n)4 =1,

oa(lnlm,0) =gam)= > 1,

[k[<In]|
(k,n) 4=1

representing the number of elements k € G such that |k| < |n| and (k,n)4 = 1, this is
given in [8], p. 40 for G = N,

pasm)= > pa(d)|n/df,
deA(n)

pasm)= > pa(d)|n/d’.
deA(n)

Note that for G = N, ¢4(n) = ¢a5(n), which gives in case A = D the classical Euler
function. In an arbitrary semigroup G, ¢4(n) and ¢4 s(n) are distinct.

Theorem 5.1 If G is an arithmetical semigroup (not necessarily verifying the basic axiom)
and A is a regular convolution, then
i) the function o4 s is multiplicative and

Ip|@@)+Ds _ 1

0'A7S(Il) = st _ 1 , t= tA(pn(p))a S 7é 07
peEP ’p‘ -
Ta(m) = [ (n(p) +1).
peP
i)
pa(z,m,s) = > pa(@ld?® Y el

deA(n) |e|<\d|

= > wa(d)Ng(|n/dl).

deA(n)



iii) the function @as, in particular @45, is multiplicative and

pasm) =" IT (1-IpI™"),

peP

n(p)>1
pasm) =’ T (1-IpI™),  t=ta(p"®).
pEP
n(p)>1

Proof. Similarly to case G = N. For ii) use that d € A((k,n),) if and only if d|k and
d € A(n), see [12], Theorem 4.2,

oa(z,ms)= > k° > pald)= Y [k Y pa(d)=

k<o deA((kn)a) CENETS
= > pal@ldf Y lef,
deA(n) le| <&

[d]

where k = de.
Remark. For s > 0 we have ¢4 s(n) < |n|® for every n € G.

6 Asymptotic estimates for divisor-sum functions and Euler-
type functions defined on arithmetical semigroups

Theorem 6.1 If G satisfies the basic axiom, A is a reqular convolution, n € G, s > —n
and 0 < e < d —n, then

_AS pas(m) o5 s+n+e
(a) ¢A(.’IJ,II, S) - S+6 ‘n|§ T +O(II)

o_p-=(n)),

where 0y (N) = op(n) is the sum of w-th powers of the norms of divisors of n,

(b) pa(n) = Apas(n) + O(In|"o_,(n)),
(k,n)=1

where p5(n) = pp 5(n).
If in addition A is a cross-convolution, then

Ad ps5(ng,)
d k| = . Al ,.5+0 O(gstnte
“ |k|Z<z o s+o g, ol ra(m));
(k,n)E(Py)

where ra(n) =1 for Q4 finite and r4(n) = o_,,—-(n) for Q4 infinite.

Proof. (a) Applying Theorem 5.1 and Theorem 3.3/ v) we get

Ad
pa(z,m,s) )Idf® (/1) + O ((a/|d)**7+) ) =
de%%n)“"‘ ( +0 ( ))



AT s g pald) ( .
= x® +0 x””%Z\d] e
é
543" deA(n) d| djn
(b) Use (a) for s =0, z = |n| and € = 0.
(c) Yields at once from (a) applied for A = D.
(d) (cf. [13], Lemma 7 in case G = N) We have (k,n) € (P,) if and only if (k,v(ng,)) =
1, where v(m) denotes the product of distinct prime factors of m. Hence from (c) we obtain

AS osrm)) o

k| = k|® = . +0 sn+so,__ ~(n .

u;m x u;r * §+9 |7(UQA)|5 (= 1-<(1(104)))
(k,n)E(Py) (k,w(nQiA)):1

Here ¢5(v(ng,))/17(ng,)I° = ¢(ng,)/ng,|" and if Q4 is finite, then o_y_o(v(ng,)) <
7(II,eq, P) = C, a constant, which completes the proof.

Lemma 6.1 If G satisfies the basic axiom and s > 0, then

0(1)7 if s+n>0,
(10g2 Qj‘)’ ifs — 5’77 — 0’
Z U—ns(_::]) — O(log 33), if s+n=20,n>0,
In|<z ‘Il‘ O(xd—s log x), if s < 5777 =0,
O(2=57m), ifs+n<8n>0,
Proof. We have
o_p(n) 1 1
T(z) = n — .
|nz§:x fnf** déx def+7 |<§<: |d|s+2n e ; e[+

For s +n > ¢ this is

by Theorem 3.3/ 1).
For s +1n =6 we get

1 1 x 1
- X m 2 (o) -0 (ng > rdW)
d X

d[<z el < %

by Theorem 3.3/ ii) and i).
Finally, for s + 71 < § we obtain

= 1 T = d—s—n 1
T(x) = Z_:w ‘d|s+2no <<|d> ) =0 (m Z ]d\‘””)

_ {O(w‘ss logz), ifn=0,
O(x0=57m),  ifn>0,

by Theorem 3.3/ iv), ii) and i).



Lemma 6.2 If G satisfies the basic aziom withn =0 and 0 < e < § — s, then

Z U*E(n) _ O(:Lﬁfsfs)_

e 21T

Proof. Similarly to the proof of Lemma 6.1.,

1
Z s+s Z ds+2£—: Z s+e
e ™ ’ a. 14 el <% el
_ Z 1 O <<$)658> 08¢ Z (xdfsfs)
- s+2¢ 1d10+e | — ’
e 147t d| dl<e |d| +

using the estimates of Proposition 3.3.

Theorem 6.2 If A is a cross-convolution, g is a bounded arithmetical function, s > 0 and
[ =gx*a Es, where Es(n) = |n|* for every n € N, then

Aé
> fn 5Calg, )" + O(R(x)),
In|<z
where ( ) ( )
gn)ps(ng 4,
CA g,s = e
9:5)= 2 htoing,

and R(x) = z°%" (s > § —n), 2°log’z (s = 6,7 = 0 and Q4 is infinite), 20 logx (s =
§—n,n >0 and Q4 is infinite or s =8 —n and Q4 is finite), x° (s < —n).

Proof. We apply Theorem 6.1/d) valid for s > —npand 0 <e <6 —n:

Yo fm)y=> gd) Y le]=

n|<z |d|<z \elﬁ‘dl
(e,d)E(Py)
AS 905(dQA) 2\ 56 r O\ STnte
= g(d) . () +0 () ra(d)
= <s+5 dg 7 \[d] d
_ s+(5 Z 906 dQA) +0 pStnte Z
3—1—6 e ‘d’5+6‘dQ ’6 e |d’s+n+6

o s+6 905 dQA) s+6 s+n+e
“375" L e b *O( > |d|s+6) ( > faews )

deG |d|>z |d|<z

Here the first O-term is O(z*T0275799) = O(2%) by Theorem 3.3/i). The second O-term
is for @ 4 finite and choosing € = 0,

O(z5t), its+mn>4,
z" Z Qe O(x%log x), if s4+n=4,
|d|<z ’ O(z*tM20=571) = O(2°), if s +1n <6,



applying Theorem 3.3.
For ) 4 infinite the second O-term is

_p_e(d)
o) xs+n+e O—n 5( )
( l(%w |d|s+n+€

For € = 0 we get by Lemma 6.1

s+n
( Z |s+n ) -
|d|<z

In case @4 infinite, s < d,n = 0 this O-term can be improved choosing 0 < ¢ < § —s. We
have from Lemma 6.2

19 (xs+s Z Udrs(i)) _ O($S+€SU6_S_E) — O(Ié)

<o

O(z5t), if s+n>4,

O(x%log?z), ifs=6,1n=0,

O(2%logz), ifs+n=0n>00rs<dn=0,
O(x?), if s+n<d,n>0.

Theorem 6.3 If A is a cross-convolution and s > 0, then

: _ A ((s+9) o N
(Z) lnlz<xO'A,s(n) = R CQA(S+25) + +O(R( ))7
i n) — Ad ‘ 1 - ’p‘(S 1 et )
( ) |nz<:x SDA,s( ) T +4 CPA(S + 5) pgA (1 ‘p|5(‘p|s+§ — 1)) + O(R( )),
where R(x) is given in Theorem 6.2,
_ A ((26)
(i71) |§<:x oas(n) = 3 mm% +O(8(x),
' _A 1 R 220 -
(ZU> Iﬂzgm @A,é(n) ) CPA(25) P!Q[A (1 |p’5(|p’5 + 1)) + O(S( ))’
SESTR | Y (Y S P

v e 11, (1 BpprT) # + 0@

where S(x) = 207" (> 0), 2%log? 2 (n =0 and Q4 is infinite), x°logz (n =0 and Q4 is
infinite).

Proof. Apply Theorem 6.1 for g(n) = I(n) = 1 and g(n) = p4(n), respectively, where
by the Euler product formula,

905 nQA
SR oy R PY
= (pa(5+0)Coals +0)¢ot (s +26) = C(s 4+ 6)¢g (s + 26)

and we obtain C4(p4, s) in a similar manner, see also [13], Lemma 9 and Lemma 10.

1>

peQa a=0

|p|s+6 |p|s+25

10



7 Asymptotic estimates for divisor functions defined on an
arithmetical semigroup

In this section we consider the divisor function 74(n), where A is a cross-convolution. For
A = D we have the usual divisor function 7p(n) = 7(n) and it is shown in [8], p. 92, that

Theorem 7.1 ot
Z 7(n) = Az’ (Adlogz + 27 — A) + O(z 2 ).

In|<z

For the function 7¢7(n) = 7*(n) in [8], p. 107 is given an analogous estimate.
In fact we investigate the function

)= > 1,
(@oren
where H is a subset of G. Define the Mobius function of H by
) = 3 p(d)pe).
de=n
Lemma 7.1 If H is an arbitrary subset of G, then for every n € G,
mr(n) = Y pn(d)r(e)

d2e=n

Proof. Let pg denote the characteristic function of H. We have

)= Y pu((d,e))= > > uua)= > pula)

de=n de=na|(d,e) a?xy=n
= > uu(a) Y, 1= > uu(a)r(b),
a?b=n Xy=n a?b=n

where d = ax, e = ay.

We will suppose that H is a multiplicative, i. e. 1 € H and py is multiplicative. Note
that if H is multiplicative, then pug(n) is also multiplicative and py(n) € {—1,0,1} for
every n € G.

Theorem 7.2 If H C G is multiplicative, then

3" mi(n) = Az’ ((Adlogz + 2y — A)Sy — 2A38S,) + O(W (),

n|<z
where W (zx) = 25 forn >0 and W(z) = 2%/2logx for n =0 and

Proof. Using Lemma 7.1 and Theorem 7.1 we get

Soorum)= Y pu(d)r(e)= Y pu(d) > 7(e)

In[<a |d%e|<e i<z e<tiy



= Az <(A510g:c+2’yg—A) “‘Z'(g)_mg 3 Mf(ﬁ;’l;;gm)
[d|<vz |d|<vz

ld|<vz
pp(d 1
= Az (Adlogx + 2vg — A) ]d\(%) + O | logx Z W
deG |d[>vz
pr(d) log [d| log |d|
*QMdZ |d|? +0 Z |d|?
€G d[>vz
o+n 1
ldI<vz
Here the first O-term is O(z~%?logx) and the third O-term is O(:UMTTI by Theorem

3.3/1).
Furthermore, it can be shown that

Z log |n| = Az’ log z + O(29),

In|<z
cf. [8], p. 90, and by partial summation, see [8], p. 82., we get

log |n| log x
> o (%)

[n|>z

hence the second O-term is also O(l'_6/ 2log x) and the proof is complete.

8 Maximal and minimal orders of certain functions

Theorem 8.1 If A is an arbitrary regular convolution, then the minimal order of the func-
tion @ a,5(n) is
e 7l
Aloglog |n|’

where v = g, 15 the classical Euler constant.

Proof. This statement follows from the facts that this is known in case A = D, see [8],
Theorem 3.2 and that ¢4 5(n) > ¢p s(n) = ¢s(n) with equality for n squarefree.
More precisely,

pasm) = T (1=1pI™) = [T (1-IpI"") = es(n),

peP peP
n(p)>1 n(p)>1

with equlity if n(p) = 1 for every p, i. e. if n is squarefree, where t = t 4 (p™®)).

12



According to the proof of [8], Theorem 3.2 for

n=n(z)= [[ p
IpI<z
we have
() = ps(n) ~ 1P
n) = n)~-—HomH—w—— as T — 0.
ras o Aloglog |n|
On the other hand for an arbitary m € G,
(m) > palm) > (1 - ) B o ] > (o)
m m —f) or |m| > xo(e say.
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